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Searching, sorting, hashing. Asymptotic worst case time and space complexity. Algorithm design
techniques : greedy, dynamic programming and divide-and-conquer . Graph traversals, minimum
spanning trees, shortest paths

Chapter 1:Algorithim Analysis:-Algorithm intro , Order of growth ,Asymptotic notation, Time
complexity, space complexity, Analysis of Recursive & non recursive program, Master theorem ]

Chapter 2:Brute Force:-Sequential search, Selection Sort and Bubble Sort , Radix sort, Depth first Search
and Breadth First Search.

Chapter 3: Decrease and Conqguer :- Insertion Sort, Topological sort,Binary Search .

Chapter 4: Divide and conquer:-Min max problem , matrix multiplication ,Merge sort ,Quick Sort , Binary
Tree Traversals and Related Properties .

Chapter 5: Transform and conquer:- Heaps and Heap sort, Balanced Search Trees.

Chapter 6: Greedy Method:-knapsack problem , Job Assignment problem, Optimal merge, Hoffman
Coding, minimum spanning trees, Dijkstra’s Algorithm.

Chapter 7: Dynamic Programming:-The Bellman-Ford algorithm ,Warshall’s and Floyd’s Algorithm ,Rod
cutting, Matrix-chain multiplication ,Longest common subsequence ,Optimal binary search trees

Chapter 8: Hashing.

Reference : Introduction to Algorithms by Thomas H. Cormen
Introduction to the Design and Analysis of Algorithms, by Anany Levitin
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4 Introduction problem  Mtpsimenalisacs.comn
» The study of algorithms, sometimes called algorithmics. J
> What Is an Algorithm? Jlgonthm
< An algorithm is a sequence of unambiguous instructions for solving
a problem, i.e., for obtaining a required output for any input in l
a finite amount of time. input ———» *computer” L » output
1. The nonambiguity requirement for each step of analgorithm cannot be compromised.
2. The range of inputs for which an algorithm works has to be specified carefully.
3. The same algorithm can be represented in several different ways.
4. There may exist several algorithms for solving the same problem.
< An algorithm is any well-defined computational procedure that takes some value, or set of

N

values, as input and produces some.value, or set of values, as output.

An algorithm is thus a sequence of computational steps that transform the i/p into the o/p.

An instance of a problem consists of the input.

An algorithm is said to be correct if, for every input instance,

it halts with the correct output.

Characteristics of Algorithm

Input ,Output ,Definiteness ,Finiteness ,Effectiveness tps: e youtube. com/@MonalisaCS
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Methodology of Analysis
A Priori analysis means, analysis is performed prior to running it on a specific system.

We determine the time and space complexity of an algorithm by just looking at the algorithm
rather than running it on a particular system with a different memory, processor, and compiler.
Independent of platform (Language ,Hardware ,Software..)

Priori analysis is an absolute analysis

In priori, we use asymptotic notations to determine time and space complexity as they are
asymptotically same from computer to computer.

A Posteriori analysis means, analysis of an.algerithm only after running it on a system.

It directly depends on the system and changes from system to system.

Dependent on platform(Language ,hardware ,Software..)

Posteriori analysis is a relative analysis.

There are two kinds of efficiency:

Time efficiency, also called time complexity,indicates how fast an algorithm runs.

Space efficiency, also called space complexity, refers to the amount of

memory units required by the algorithm in addition to the space needed

for its input and output.

https://www.youtube.com/@ Monalisacy




@ Standard notations of common functions
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Monotonicity

A function f (n) is monotonically increasing if m< n implies f (m) < f (n).

It is monotonically decreasing if m < n implies f(m) = f(n).

A function f (n) is strictly increasing if m < n implies f(m) < f(n) and strictly decreasing

if m < nimplies f(m) > f(n).

Floors and ceilings

For any real number X, we denote the greatest integer less than or equal to x by | x| (read “the
floor of x”) and the least integer greater than or-equal to x by [x| (read “the ceiling of x”).
Modular arithmetic

For any integer a and any positive integer n, the value a mod n is the remainder (or residue)
of the quotient a=n .

Polynomials

Given a nonnegative integer d, a polynomial in n of degree d is a function p(n) of the form
p(n)=X ¢, a;n’

Where , constants a, ,a,,...a4 are the coefficients of the polynomial and a; #0.

A function f(n) is polynomially bounded if f(n)=0(nk) for some constant k.

https://www.youtube.com/@l\/lonalisacy




4 Exponentials

e Forall nand a= 1, the function a" is monotonically increasing in n.
e Forall real a >0, m, and n, we have the following identities:

e a%=1 al=a,a'=1/a,

° (am)n: qmn

o (amn= (an)m

P aman: am+n

e am/a"=agm™"

< Logarithms

* \We shall use the following notations:

* Ign=1log,n (binary logarithm),

 Inn=log.n (natural logarithm),

* Igkn = (Ign)k  (exponentiation);

e Iglgn=1lg(lg n) (Composition),

e Forallreala>0,b>0,c>0,andn >0, logarithm bases are not 1
e a=nthenlog,n=b,a=hlogba

* log, (ab)=log, a+log. b, log, (a/b)=log, a-log, b

e log, a"=nlog, a,

https://monalisacs.co@\
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log a https://monalisacs.com
 log, a= lozzb , ™
e log, (1/a)=-log, a,
° |Og h A= log, b’
o glogbc=clogpha
< Factorials
e The notation n! (read “n factorial”) is defined for integers n=> 0 as
e nl=1 if n=0
e n!=n.(n-1)! if n>0

e Thus,n!=1.2.3.....n.

e A weak upper bound n!< n", since each-of the n terms in the factorial product is at most n.

< Fibonacci numbers

e We define the Fibonacci numbers:by the following recurrence:

° FO:O ’

° F1:1 ’

o F=F,+F,, fori>2.

e Each Fibonacci number is the sum of two previous ones,

e yielding the sequence 0,1,1,2,3,5,8,13,21,.... Atps: oo youtube.com/@Monalisacs
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& Order of growth
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Constant 1,10000000,210000000000000
Double logarithmic Loglogn 4 lsms # sEme 2 & o o
Logarithmic log n
P Ig | ithmi Ig c 10 3.3 10! 3.3-10! 10% 103 103 3.6-10°
oty _Oga” mic ( 0g n) 102 6.6 102 6.6-102 104 10° 1.3-10% 9.3.10'%7
Fractional power or Root (n)Y¢,5/n 10® | 10 1.~ 1.010* 106 10°
Llnear n 2n y 104 13 104 1.3-10° 108 1012
. ) , T 105 17 10°  1.7-10° 1010 1015
Linearithmic nlogn a5 i o6 ape 02 1018
Polynomial n% nd n2 ...
Exponential 2n3nan,..
Factorial n!

Using Limits for Comparing Orders.of Growth:

lim ;((—:?): 0 = t(n) has smaller order of growth than g(n)
n—>00

lim %: constant = t(n) has same order of growth as g(n)
n—>oo

lim ;((—:’l)): 00 = t(n) has larger order of growth than g(n)
n—->0o

https://www.youtube.com/@MonaIisaCy




4 Ex : Compare order of growth of log, n and v/n e N higeimgnalisacs. o
_log,n_ . (log,n) _ .. (log,e)l/n o 1 1 2
%1—{?0% = aim, (\/%)’ = lim 1/22\/ﬁ o 2 4 4
=2 log, e lim l=O ° 3 J 8

27 nscoVn e 4 16 16

log, n<+/n e 5 25 32

Threshold :The value after which order of growth works is called threshold.® 6 36 64

D ®

® ]
°

Ex: Polynomial algorithm run faster than exponential
After threshold point(4) n2 < 2"

Comparison between functions

Ex 1: f(n) =210 g(n)=log n =f(n)< g(n)

Ex 2: (GATE CS 2001,Q:1.16)

f(n)=n2log n, g(n)=n(log n)°

n’logn ?  n(log n)o

n.(nlogn) ?  nlogn .(log n)®

e n ? (log n)?
e N > (Iog n)9
>
i f(n) g(n) https://www.youtube.com/@l\/lonalisacy




4 Ex 3: (GATE CS 1994, Q: 1.23) hips:/imonalisacs.comn

o f(n) =nd 0<n <10,000
. =n? n>10,000

e g(n)=n, 0<n <100

o =n3, n>100

e f(n)<g(n)

Ex4: n,logn,+/n,nlogn,log?n,n", n?logn, 2
logn,log2n,+/n,n,nlogn,n?logn, 22", nn

Ex 5: (GATE CS 2000, Q: 2.17) 3nV™ , 2 Vi logn
2VTlogn= nvmlog2 = vt

2 Vitlogn 3nv7 nl

Ex6:n3%2 n, logn, 1/n,e"e?" [e=2.7]

e 1/n,logn,+/n,n3%2 e e

e Ex7:(GATE IT 2008,Q10) n¥3 e n”4 nlog°n, 1.0000001"
e n'? nlog°n,n”  1.0000001", e"

e Ex8:(GATE CS 2008,Q39) f(n)=2", g(n)=n!, h(n)=n'o9

° nlogn< N« nl

K https://www.youtube,com/@MonalisaCy




~Worst-Case, Best-Case, and Average-Case Efficiencies Ppsiimonalisacs oM

e ALGORITHM SequentialSearch (4/0...,n-1],K)

e //Input : An array A[0..n-1] and a search key K

e //Output : The index of the first element in A that matches K or -1 if no matching founds.

e i=0

e while i<n and A[i]# K do

. | =i+1

e ifi<nreturni

e else return -1

* In the worst case, when there are no matching elements or the first matching element happens
to be the last one on the list, the algorithm makes the largest number of key comparisons
among all possible inputs of size n: C o = N

e The worst-case running time, that is, the longest running time for any input of size n.

|t guarantees that for any instance of size n, the running time will not exceed Cworst(n).

e The input class for which the algorithm does maximum work hence taking
maximum time are worst case input & worst case running time.

» Ex: Quick sort behave worst case for sorted input ,running time O(n?).
& https://www.youtube.com/@MonalisaCy
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The best-case efficiency of an algorithm is its efficiency for the best case input ofisizenisFor"\
which the algorithm runs the fastest among all possible inputs of that size.

For example, the best-case inputs for sequential search are lists of size n with their first
element equal to a search key; Cy.q .y = 1 for this algorithm.

The input class for which the algorlt m does minimum work hence taking minimum time are
best case input & best case running time.

Ex: Quick sort behave best case for random order ,running time O(n log n).

Average-case running time is in between best case & worst case .

Let’s consider again sequential search. The standard assumptions are that

(a) the probability of a successful search isequal top(0<p<1)

(b) the probability of the first match occurring in-the ith position of the list is the same for
every |.

In the case of a successful search, the probability of the first match occurring in the ith
position of the list is p/n for every i,and the.-number of comparisons made by the algorithmis i.
In the case of an unsuccessful search, the number of comparisons will be n with the
probability of such a search being (1 -p). Therefore

C —[1><P+2><P+ z><£+ ..... n><—]+n><(1p)
[1+2+ ..... i+ ..... +n]+n(1 P)
+n(1-p)= 2=+ n(1p)

Ifp=1 the average number of key comparisons made by
sequentlal search is (n + 1)/2

avg(n)

https://www.youtube.com/@ Monalisacy




4 If worst case W(n) ,Best case B(n) ,Average case A(n) hitps:/imonalisacs. comm
* B(n) <A(n) <W(n)

* Merge sort / Heap sort B=A=W

e Quick Sort (B=A)<W

e Linear search /Binary search B<(A=W)
Asymptotic notation

o Asymptotic notation primarily use to describe the running times of algorithms.
» There are two types of asymptotic notation.
* Big
Big Oh(O), Asymptotic upper bound, <
Big Omega(Q2), Asymptotic lower bound,>
Theta(®), Asymptotically tight bound..,=
e Small
Little Oh (0),Proper Upper bound,<
Little Omega(w),Propper Lower bound ,>
< @-notation
» For a given function g(n),we denote by ®(g(n)) the set of functions
e ®(g(n)) = {f(n): there exist positive constants c,, c,, and n, such that

_ 0 < c,9(n) < f(n) < c,g(n) for all N> n,}. Atps: oo youtube.com/@Monalisacs




4 The value of f(n) sandwiched between c¢,g(n) and c,g(n) inclusive https://monalisacs.com?

c28(n)

“f (n) € ®(g(n))” indicate that f (n) is a member of ®(g(n)).

“f (n) = ®(g(n))” express the same notion. Fn)
for all n> n,, the function f (n) is equal to g(n) to within a constant

factor. c1g2(n)
We say that g(n) is an asymptotically tight bound for f (n) . |

Ex: %nZ-Sn:(@(nZ) lets determine c,, c,, and n,

1 |
¢, n?<-n%-3n < ¢, n? n
2

Mo

For all n > n,, dividing by n? f(n) = B(g())
c,<-><c
1=5",5%
Letn, =7
3 7-6 1
¢, <--=—=—<¢,

Letc, = 1—14 and ¢, = % and n, =7

O-notation

O-notation provides an asymptotic upper bound.

For a given function g(n),we denote by O(g(n)) (“big-oh of g of n” or
just “oh of g of n”’) the set of functions

https://www.youtube.com/@MonaIisaCy
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4 0(g(n)) = {f(n): there exist positive constants ¢ and n, such that

0 <f(n) <cg(n) for all n> ng}.

f(n)= O(g(n)) indicate that a f(n) is a member of the set O(g(n))
f(n) = ©(g(n)) = f(n)= O(g(n)),

Since ® notation is a stronger notion than O-notation.

Written set-theoretically , we have ®(g(n)) € O(g(n)).

Ex : an?+bn+c where a>0 is in ®(n?) also in O(n?) also in O(n?3).
Q-notation

Q-notation provides an asymptotic lower bound.

For a given function g(n),we denote by Q (g(n)) (“big-omega of g of n” or
just “omega of g of n”) the set of functions

Q (g(n)) ={f(n): there exist positive constants c and n,such that

0 < cg(n) <f(n) forall n>n,}.

Ex : an?+bn+c where a>0 is in Q(n?) also in Q(n) also in Q(1).

0-notation

The asymptotic upper bound provided by O-notation may or may not be
asymptotically tight.

The bound 2n? = O(n?) is asymptotically tight, but 2n = O(n?) is not.

https://monallsacgggam/

n
Mo

fn) = 0(gn))

f(n)

n

Mo .
Sf(n) =Q(g(n))

https://www.youtube.com/@MonalisaCy




4 We use o-notation to denote an upper bound that is not asymptotically tight. hitps:/imonalisacs. comm

We formally define o(g(n)) (“little-oh of g of n”) as the set

o(g(n))={f(n): for any positive constant c > 0, there exists a constant n, > 0 such that 0 < f(n)
< cg(n) for all n> n,}.

Ex : 2n=0(n?) but 2n? = o(n?).

The main difference is that in f(n)= O(g(n)) , the bound 0 < f (n) < cg(n) holds for some
constant ¢ > 0, but in f(n)= o(g(n)) , the bound 0 < f (n)<cg(n) holds for all constants ¢ > 0.

The relation f(n)= o(g(n)) implies that

lim £%2= = f(n) has smaller order of growth than g(n)

n-o g (n).
w-notation

We use w -notation to denote a lower bound that is not asymptotically tight.

f(n)e w(g(n)) if and only if g(n) € o(f(n))

We define w(g(n)) (“little-omega of g of n”) as the set

w(g(n))={f(n): for any positive constant ¢ > 0, there exists a constant n, > 0 such that 0 <
cg(n) < f(n) for all n> n,}.

Ex: n?/2=w(n), but n?/2# w(n?).

The relation f(n)= w(g(n)) implies that

lim %z 0 = f(n) has larger order of growth than g(n)
n—->0oo

https://www.youtube,com/@MonalisaCy
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& Examples of Asymptotic Notation :
f,(n)=21% O(1), (1), ©(1)

f,(N)=210 +log n O(log n), Q(log n), ©(log n)
f3(n)=2n+1000 O(n), Q(n), ®(n)
f,(n)=n2+logn O(n?), Q(n?), ©(n?)
fs(n)=2i=, 1 Q(n), (n), B(n)
fo(n)=2i2, @

=]+2+...n

=n(n+1)/2 O(n?), Q(n?), ©(n?)
f,(n)=21=1 i

=12+22+3%+...... n?

=n(n+1)(2n+1)/6 O(n3), Q(n3), O(n3)

fg(n)=Xi=1 logi
=log 1+log 2+....log n
=log 1x2x3%4....n=log n!=0(log n") O(n log n)
fo(n)=27 1/2°
=1/2+1/2241/23-+1/2"
:1-1/2n O(l) https://www.youtube.com/@Monalisacy
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6 fu(n)=nl=1x2x3..... X
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o Ix1Ix1X..x1 <1x2X3.....xXn <nXnXn..... XN

e 1 <n! <n" Q(1),0(n")

e f,;(n)=log n! =O(log n") O(n log n)

» True/False

1. 100nlogn =0O(nlogn ) True

2 Jlogn=O(loglogn)  False

3. 1/n=0(log n) True

4, 2"M1=0(2") True

5. 22'=0(2") False

6. 0<x<y,n*=0(nY) True

7. (n+tk)"=0O(nM) ,m,k>0  True

8. 2”2—O(n) False

9. »r,n/i=0(n log n) True

. f(n) =n, g(n)=n? = f(n) =0O(g(n)) or g(n) = L(f(n))
o f(n) =219, g(n)=logn = f(n) =0O(g(n)) or g(n) = €L(f(n))
o f(n) =2 g(n)=n? =g(n) = O(f(n)) or f(n) = L(g(n))
K https://www.youtube.com/@Monansacy




‘Properties of Asymptotic Notations

e f(n)=0(g(n)) & a<b ,f(n) <cg(n)

e f(n)=Q(g(n)) @ a=b ,f(n) =cg(n)

e f(n)=w(g(n)) & a>b ,f(n)>cg(n) D

< Relational properties Q
O Reflexivity : 0
e f(n)= 0 (f(n)) ,f(n)= O(f(n)) ,f(n)= Q(f(n))

O Symmetry: .

* f(n)=0 (g(n)) ifand only if g(n)= O (f(n)) W
O Transitivity:

e f(n)=0(g(n)) and g(n)=0O (h(n)) = f(n)=06 (h(n))
e f(n)=0(g(n)) and g(n)=0 (h(n)) =1(n)=0 (h(n))
o f(n)=Q(g(n)) and g(n)=Q (h(n)) = f(n)=Q (h(n))
e f(n)=0(g(n)) and g(n)=o (h(n)) = f(n)=o0 (h(n))
e f(n)=w (g(n)) and g(n)=w (h(n)) = f(n)= w (h(n))
EI Transpose symmetry:

f(n)= O (g (n)) if and only if g(n)= Q (f(n))
%\ f(n)= 0 (g (n)) if and only if g(n)= w (f(n))

Yes
Yes
No
No

< Analogy Between Asymptotic Notation & Real number : Let f, g functions and a,b real numbers

= A Reflexivity | Symmetry | Transitivity | Transpose
fln)=® (@)= a=b ,c,g(n) <f(n) <cyg (n) symmetry
f(n)=0(g(n)) & a<b ,f(n)<cg(n)

No
Yes
No
No

https://monalisacs.corm\

Yes Yes
Yes No
Yes Yes
Yes Yes

https://www.youtube.com/@Monalisacy




# f(n) is asymptotically smaller than g (n) if f(n)= o(g (n)) and f(n) is asymptotical lytafger-then™
g (n) if f(n)= w(g (n))

» Trichotomy: For any two real numbers a and b, exactly one of the following must hold:
a<b,a=Db,ora>bh.

e Although any two real numbers can be compared, not all functions are asymptotically

comparable.

For example, we cannot compare the functions n and n*s" n using asymptotic notation,

Since the value of the 1+sin n oscillates between 0 and;2, taking on all values in between.

General Properties:

If f(n)= O(g (n)) then axf(n)= O(g (n)) ,a>0

If f,(n)= O(g, (n)) and ,(n)= O(g, (n))

then f,(n)+f,(n) = O(max{g, (n), g, (n)})andf,(n) x f,(n) = O(g, (n) % g, (n))

Ex: 2100=0(1) , log n= O(log n)

2100 +]og n=0(max{1,logn})=0 (log n)

Ex :3n2 =0(n?) ,2log n+100=0 (log.n)

3n? X (2log n+100)= O(n?%log n)

Ex: f(n)= O(g ()), 9(n)# O(f(n)), g(n)= O(h (n)), h(n)= O(g (n))

a) f(n)=0(h(n)) True b) f(n)+g(n) = O(g(n)+h(n)) True

c) h(n) = O(f(n)) True  d) f(n) xg(n) = O(g(n) X h(n)) False

/ooooooooDD.:.oo

https://www.youtube.com/@MonaIisaCy
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Mathematical Analysis of Nonrecursive Algorithms

Analyzing the Time Efficiency of Nonrecursive Algorithms
Decide on a parameter (or parameters) indicating an input’s size.
Identify the algorithm’s basic operation. (As a rule, it is located in the innermost loop.)
Check whether the number of times the basic operation is executed depends only on the size
of an input. It also depends on some property, worst-case, average-case, and, best-case
efficiencies .
Set up a sum expressing the number of times the algorithm’s basic operation is executed.
Using standard formulas and rules of sum , establish its order of growth.
i ; 1=u-1+1 where I<u are lower and upper.integer limits
Yizica; = ¢ X a Y@ b)) =Yl a; £ T by
ot = Tiy i=14243. n="E P 2212402432 et IR
Ex 1: Finding the value of the largest element in a list of n numbers.
Algorithm: MaxElement (A/0...n-1})
maxval« A[0]
fori «<1ton-1do
If A[i]>maxval
maxval « A[i]
retu ' maxval https://www.youtube.com/@MonaIisaCy




4 There are two operations in the loop’s body:

https://monalisacs.con?\

Since the comparison is executed on each repetition of the loop and the assignment is not, we
should consider the comparison to be the algorithm’s basic operation.
The number of comparisons will be the same for all arrays of size n.
Let us denote C(n) the number of times this comparison is executed.
C(n)= Y 1=n-1-1+1=n-1
O(n), (n), O(n)
Ex 2: Element uniqueness problem.
Algorithm: UniqueElement (4/0...n-1])
for i< 0ton-2do

forj «<i+1ton-1do

If A[i]=A[]j] return false

return true
The number of element comparisons depends not only on n but also on whether there are
equal elements in the array and, if there are , which array positions they occupy.

— -2 -1
Cworst(n) - Z?:O . ?:i+1 1

= Y (n-1)-(i+1)+) == Y1 (n-1-i)

https://www.youtube.com/@l\/lonalisacy
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_ Zn—z(n 1- |) — Z =— (n . 1) Zl : i A B https://monalisacs.com/
_(n 1) Z 1 Zl =0 l * _

=(n-1)2 n- 2)2(" -l 21)":®(n2) rowi | [ TT] Cli.J]

Ex 3:Matrix Multiplication col. j

Given two nxn matrices A and B,C=A.B Scalar (dot) products of the rows of matrix A and
the column of matrix B
Where C[i,j]=A[1,0]B[0,j]+....A[1,K]B[k,j]+....A[ 1,n-1]B[n-1 ,j] for every pair 0<i,j <n-1.
Algorithm: MatrixMultiplication (4/0...n-1,0..{u~F,B/0...n-1,0...n-1])
for i< 0ton-1do
for j «0ton-1do
C[i,j] «<0.0
for k <0 to n-1 do
CI[i,j] <C [i,j1+A [i,K]*BTk,j]
return C
C(n)= X0 X720 Zk=
Zn 1 n Tl Z " Tl Zn 1 1
= Y nz- n2 Yy 11 = n3-®(n3)

https://www.youtube.com/@MonalisaCy
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e For Loop

e Ex1: I=1(1) i<n(n+l) stmt (n) i++ (n)

o for I=Ljisnji++) 4 1,2,....nntl  12,...n 2t OO

e { stmt; }

o Ex2: Iteration 1 2

o for (i=n;i=> 1;i--) i Al O(n)

o { stmt; } o 1+2*k>n

o Ex3: : n ° 2kenl o em)
Iterat

. for (i=Li< n:i+=2) -era ion 1 2 3 k k+1(fail) k>(n-1)/2

e {  stmt; 3 1 142 142%7 L 142%(k-1) 1+2%K o~

o Ex4: : : o 2>n

e for (i=1:i< n:i=i*2) Iteration 1 2.3 ..k k+1(fail) * log2>logn  @(logn)

° { Stmt, } I 1.2 22 2Kk 2K ° k>|ogn

e Ex5: . —-o k=logn

o for (i=n;i > 1;i=i/2) Iteration 1 2 3 ...k k+1(fail)

o { stmt; } i n n/2 n/22 . .n2k1D n/2k

* n/2k<1= n<2k = logn <k

.K kElogn @(Iogn) https://www.youtube.com/@Monalisacy

Frequency Count Method
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/( EX 6: | 1 2 3 Lk k+1(fall) P 1_|_2_|_3 . .Ileqs.‘l/n}oﬁalisacs.com\

o for (iI=Lp=0ip < nii++) T T T o T 1vova | otk | 1e2r kbl (‘;il)(k+2¥2>n O(\/n)
o { p=p+i; } o k2=n=k=z= \n

° 2
o ExT: i 1 2 ..k ktl(fail) | fj;;lg N o/m)

e for (i=1;1*1 < n;i++) I ~ o 22¢5p
i2 1 22 .. k% (k+1)? e k= /n
* { stmt;  } ) log 22“>logn
» Ex8: lteration 1 2 3 ..k | k+i(fail) ° ik>||09|n @(log log n)
o for (|:2,| < n,|:|2) i 220 921 922 92k-1 9ok ¢ >log 1og n
o { stmt; } |  k=loglogn

e Ex9: Iteration 1 2 3 ...k k+1(fail)

o for (i=n;i >2;i=i) i N _am=nt2 npu2  pukl  puk ®(log log n)
o { stmt; }

. Ex 10: o nU2<2 = log nt2*<log2 =1/2klog n<1

o for (i=0;i <n;i++) » log n< 2¥=k =log log n

*{ smt -} ° n+n=2n
o for (j=0;j <njj++) O(n)
e { stmt; }

K https://www.youtube,com/@Monalisacy




4 Ex 11:

s Iteration 1 2 3 ...k k+1(fail) °
for (i=1;i <n;i=i*2) | L2 28 .2 2 .
{ p++; } p 0 12 .k1 K .
for (j=1;] <p:J=J*2) .
{ stmt; } Iteration 1 2 3 ..m m+1(fail)

Ex 12: j 1 2 22 ...2(m'1) 2 .
for (I=1;1 < nji++) — .
{ for (j=1:j < nzj++) 2 2 " .

{ stmt; } ] 1,2.n(ntime) ntime n time .
} .
Ex 13:
for (i=1;i < nji++) i 1 2 e N
{ Eor (JS:trrr]llt?;J - ?;J"':nlz) j n2n(2time) 2time ... 2time
} 7

for each i ,j runs 2 time n*2=2n @(n)
2+2+2...2(n time)=2%*n=2n

https://monalisacs.com
2k>n P ™

k > logn
k=logn
2™ >p

m > log p
m=log p
O(log p)=0(log logn)
for each i ,j runs n time
n*n=n? O(n?)
n+n+n...n(n time)
=n*n=n?

O(logn)

https://www.youtube,com/@Monalisacy




4 Ex14: i

1 2

https://monalisacs.corm\

for (I=1;1 < n;i++) :
{ for (j=1;j%j < n;j++) 12

12,2232 . (\/n)%(/n time) +/n time

... /ntime

{ stmt; } N
} .

for each i ,j runs +/n time n*/n=ny/n  O(n/n)

Jn+yn...../n(n time)=n/n

Ex 15: :

1 2 <..N

for (I=1;1 < n;i++) _
{ for (j=1;j <i;j++)

1(1time) 1,2(2time) ...1,2..n(n time)

{ stmt; } « foreachi ,jrunsitime
} o 14243..0=n(n+1)2°  O(N?)
Ex 16: _
for (i=1;i <nji++) . 2 il
{ for j=1;] < n;j=j*2) j 1,2,2..(logn) logntime ...logn time
{ smt } o for each i ,j runs logn time
} * n*logn ®(nlogn)
e logn+logn +....... logn(n time) =nlogn

https://www.youtube.com/@Monalisacy




{ EX 17 | 1 2 3 hﬁps://monalisacs.con?\
o for (I=1;i < n;ji++) : : : : :

o { for (j=1;j < n:j=j+i) J 1,2,3,..r?(r? time) _1,_3,5.. (n/2 time) 1,4,7..(n/3 time).. 1(1 time)

e { stmt; 11 e foreachi ,jrunsn/itime

e EX18: ’ e n+n/2+n/3 +....n/n =n(1+1/2+1/3+...1/n)=nlogn ®(nlogn)
o 20; (i:(Jl;i < n;i++) ) i 1 2 e N

. or (j=1;) < n;j++ : : :

. {for (k=1:k < n:k++) ) 1 2 .0’ ntime ... ntime

o {stmt; }}} k 1,23,.n(ntime) ntime ntime n?time ...n2time

° EX 19_ L o foreachi,jrunsntime, K runs n?time.

° ];0:‘0(;_01—"1% 2"if“j:)+) ° n%n2+n?+..(ntime)=n?*n=n3, ¥ . ¥ . ¥2_; 1 O(n®)
. {for (k:’1;_|<éj;k++) i1 2 ... n

J { stmt; }}} j 1 ¥ | 2 ... ntime

for each i ,j runsitime,
K runs 1+2..j time.

n
1+(14+2)+.....(142..n) :2 ntD) - g(ne)
n=1

. j B
i=1- Xj=1- k=1 1= Xiz1:

k 1(1time) 1 1,2(1+2time) ... (1+2+..n)time

2

. nooiiq
Tz ), f5P=6m)
1=

https://www.youtube,com/@MonalisaCy




o Ex 20:

for (I=1;1 < n;i++)
{ for (j=1;] < i%j++)
{for (k=1;k < n/2;k++)

i1

https://monalisacs.com
. N ™

2

] 1(1time)

k 1,2.n/2(n/2 time) 1,2..n/2(n/2 time)=n/2*4 time ... n/2 *n?time

1,2,3,4(4 time) ... n?time

. { stmt; } } } o foreachi ,jrunsi?time, k runs n/2*i? time.
e While Loop ° N/2+ n/2*22+ n/2*32+(,.n/2%n?
o Ex1: . =n/2(1+22+32+ ..t0?)=n/2 *{n(n+1)(2n+1)/6} o(n?%)
. n
1=l o L n/zl i_z_nzzz Zoxi2
o while (i <n) =1 Lizt Zj=a/ =12
o { stmt; . :n/2*n(n+1)(2n+1)/6
R s lteration 1. 2 ...
} | eration n . @(n)
o Ex2: I 1 2
: \I/v:hlile (i <n) Iteration 1 2 3 ..k k+1(fail)
e { stmt'_ i 1 2 22 | . 2Kk 2K
o i=I*2; } » 20>n = log 2k>log n
K i k>logn = kglogn ®(|Ogn) https://www.youtube,com/@MonalisaCy




4 Ex3: Iteration 1 2 3 .ol m+1(fail) 1+ 25 RS HSAN

e i=1;k=1; :

o while (k <n) k 1 141 1+1+42 ... 1+1+2+.m-1 mgT;iZ/rﬁ > n\/_
= L =4\n

e { stmt; i 1 2 3 ...m . O(/n)

. k=k+i; i++ } = om

. Ex4: i 1 2 22 .22 ° 2™>n o

e =1; k n,n/2...1(logn time) logntime logntime ...logn time ‘ :Enzs logn time |

 while (i <n)j e Foreachi, krunslogn time =logn*logn ®(log? n)

e {k=n; * logn+logn+...logn(logn time)=logn*logn

o while (k>0) > . o 2k=p

e [kek2} L M2 e .02 o N/2+n/22+. n/2¢

o i=i*2; } j 0 0+n/2 n/2+n/22. ..n/2+n/2%+...n/2K o N(L/2+1/22+.....1/2%)

e GATE CS 2006,Q 15: Consider the following C-program fragment in which i, j and n are

integer variables. for(1i=n,]=0;1i>0;1/=2,] +=1);
Let val(j) denote the value stored in the variable j after termination of the for loop.

e Which one of the following is true? e Ans: (C)val(j) = 0(n)
* (A)val(j) = O(logn) (B) val(j) = ©(vn)
e (C)val()) =0(n) (D) val(j) = ®(nlogn)

K https://www.youtube,com/@Monalisacy




4 GATE CS 2007,Q 51:Consider the following C program segment: hipsimonalisacs.comn
int IsPrime (n)
{ . .
inti, n;
for (i=2; i<=sgrt(n);i++)
if(n%i == 0)
{printf("Not Prime \n"); return 0;}
return 1;
}
Let T(n) denote number of times the for loop.is executed by the program on input n. Which of
the following is TRUE?
(A) T(n)=0(v¥n) and T(n)=Q(\n) . (B) T(n)=0(Vn) and T(n)=Q(1)
(C) T(n)=0(n) and T(n)=Q(Vn) (D) None of the above
Worst Case : T(n)=0(Vn)
Best Case : When n is an even number body of for loop is executed only once(due to
"return 0" inside if) T(n)=Q(1)
Ans: (B) T(n)=0(Vn) and T(n)=Q(1)

\ https://www.youtube.com/@Monalisacy
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https://monalisacs.con?\

Mathematical Analysis of Recursive Algorithms
General Plan for Analyzing the Time Efficiency of Recursive Algorithms

Decide on a parameter (or parameters) indicating an input’s size.

Identify the algorithm’s basic operation.

Check whether the number of times the basic operation is executed can vary on different
Inputs of the same size; if it can, the worst-case, average-case, and best-case efficiencies must
be investigated separately.

Set up a recurrence relation, with an appropriate initial condition , for the number of times the
basic operation is executed.

Solve the recurrence or, at least, ascertain the order of growth of its solution.
Three methods for solving recurrences

In the substitution method, we guess a bound and then use mathematical induction to prove
our guess correct.
The recursion-tree method converts the recurrence into a tree whose nodes represent the costs
incurred at various levels of the recursion. We use techniques for bounding summations to
solve the recurrence.
The master method provides bounds for recurrences of particular form

https://www.youtube.com/@ Monalisacy
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Ex 1:Factorial function F(n)=n!, n!=1*2*.....(n-1)*n for n=1 and O0!=1 htigsy/frpegalisacs.com
Algorithm: F(n) RA(T) ™
if (n=0) return 1 |
else return F(n-1)*n M(n-1) 1
The basic operation of the algorithm is multiplication . \
Number of executions we denote M(n).
F (n)=F(n-1)*n, for n>0 M(r]-2) -
M(n)=M(n-1)+1, for n>0 [M(n-1) to compute F(n-1),1 for multiplication ] .
Such equations are called recurrence relations or, recurrences. :
To determine a solution uniquely, we need an initial condition that tells us the M(@©0) 1
value with which the sequence starts .

if n=0 return 1. M(0)=0 [no multiplication when n=0]  ° n-k=0 =k=n
The recurrence relation and initial condition e Heightn
M(n)=M(n-1)+1 for every n>0, M(0)=0 _
Method of backward substitutions. * 1+1+.1(ntimes)
M(n)=M(n-1)+1 [substitute M(n-1)=M(n-2)+1] « =n
=M(n-2)+1+1=M(n-2)+2 [substitute M(n-2)=M(n-3)+1]

=M(n-3)+1+2=M(n-3)+3

General formula for the pattern: M(n-i)+i,
The initial condition M(0)=0, n-i=0= n=i
M(0)+n=0+n=n O(n)

https://www.youtube.com/@ Monalisacy




A Ex 2: the Tower of Hanoi puzzle. https//monalidgics.com/

In this puzzle, we have n disks of different sizes that can —
slide onto any of three pegs.
Initially, all the disks are on the first peg in order of
size,largest on the bottom & smallest on top. 1 3
The goal is to move all the disks to the third peg, using the SO A -”74—\
second one as an auxiliary, if necessary. | / |
We can move only one disk at a time, it is forbidden to place R

a larger disk on top of a smaller one.

e Tomove n > 1 disks from peg 1 to peg 3 (with‘peg 2 as auxiliary),

* We first move recursively n - 1 disks from peg 1 to peg 2 (with peg 3 as auxiliary),

e Then move the largest disk directly from.peg 1 to peg 3,

» Finally, move recursively n - 1 disks from peg 2 to peg 3 (using peg 1 as auxiliary).

e Ifn=1, we simply move the single‘disk directly from the source peg to the destination peg.
o Clearly, the number of moves M(n)-depends on n only, Recurrence equation for it:

e M(n)=M(n-1)+1+M(n-1)

e With the initial condition M(1) = 1,

» Recurrence relation for the number of moves M(n):

e M(n)=2M(n-1)+1 for n>1

e M(1)=1

\ https://www.youtube.com/@Monalisacy




% Method of backward substitutions.

\_

M(n)=2M(n-1)+1
2{2M(n-2)+1}+1=22M(n-2)+2+1
22{2M(n-3)+1 }+2+1=23M(n-3)+22+2+1

M(n)=2IM(n-i)+2iL+. . 2242+ 1=2M(n-i)+2-1 [ 20 = 2]

Initial condition M(1) = 1, n-i=1= i=n-1

M(n)=2"1M(1)+2-1-1= 2n-142n-1.1= 2n.1 O(2n
" w M(n) ( i o 142+2%+........ 2k=2k+1.1
o Assume n-k=1 =k=n-1
/\ 5 o N1+l 1=9n_1
M(n-1) M(n-1) . 02"
/\ /\ 22
M(-2)  M(n-2) M(n-2) S M(n-2)
: , )
M(1) M(1)---------=====-----"-- M(1) 2

https://monalisacs.co@\

[substitute M(n-1)=2M(n-2)+1]
[substitute M(n-2)=2M(n-3)+1]

https://www.youtube.com/@MonaIisaCy




/4 Ex 3: The number of binary digits in n’s binary representation. “t%i:(ﬁ‘)”a“sacs-ff@\
e Algorithm: BinRec(n) |

e if(n=1) return 1 A(n2) 1

e else return BinRec(|n/2])+1 \

» The number of additions made in computing BinRec(|n/2]) is A(|n2]) A(n22) 1

o A(N)=A(|n2])+1 for n>1 !

* Since the recursive calls end when n is equal to 1 and there are no :
additions , the initial condition is A(1) = 0. INO !

» Method of backward substitutions.

o A(N)=A(|n2])+1 [substitute A(n/2)= A(n/2%)+1] e« n/2k=1 =k=log,n

o ={A(|n2%])+1}+1=A(|n2%])+2  [substitute A(n/22)= A(n/23)+1] » Height log,n

o =A(n/2°)+3 o 1+1+.1(log,n times)

¢ ... o _ _ - ° :logzn

o A(n/2")+i [n/2'=1 =n=2' =i=log n]

e A(1)+log n=0+logn=logn

e A(n)=0(log,n)

/

https://www.youtube.com/@l\/lonalisacy




/4 Ex 4a : (Decrease-and-Congquer Method) ™
e Algorithm: What(n) |

. {eil1; énzl) return 1 T(n-1) 1
* \

® {What(n—l) T(n—2) 1

. call B(); |

. 1} !

* LetB()=0(1) T 1
» Recurrence relation T(n)=T(n-1)+1 for n>1,T(1)=0 o n-k=1 =>k=n-1

* Method of backward substitutions. . Height n-1

e T(nN)=T(n-1)+1 [substitute T(n-1)=T(n-2)+1] o 1+1+....1(n-1 times)
o ={T(n-2)+1}+1=T(n-2)+2 [substitute T(n-2)=T(n-3)+1] | (n-1) zn

o ={T(n-3)+1}+2=T(n-3)+3 B

» General formula for the pattern: T(n-i)+i,

e The initial condition T(1)=0, n-i=1= i=n-1

e T(1)+(n-1)=0+n-1=n-1

& O(n)’ ®(n)1 Q(n) https://www.youtube.com/@MonaIisa(Zy




4 Ex 4b:

¢ [
°

e =T(n-2)+log (n-1)+log n

Let B() =0O(n)

Recurrence relation T(n)=T(n-1)+n for n>1,T(1)=0

Method of backward substitutions.

T(nN)=T(n-1)+n [substitute T(n-1)=T(n-2)+(n-1)]
=T(n-2)+(n-1)+n [substitute T(n-2)=T(n-3)+(n-2)]
=T(n-3)+(n-2)+(n-1)+n

General formula for the pattern: T(n-1)+(n-i+1)+:....(n-1)+n

The initial condition T(1)=0, n-i=1= i=n-1

T(1)+{2+3+....(n-1)+n} = 1+2+3+...n

:n(n+1) ~n2
o(n?), O(n?), Q(n?)

Ex 4c:

Let B() =O(log n)

Recurrence relation T(n)=T(n-1)+log n for n>1,T(1)=0
Method of backward substitutions.

T(n)=T(n-1)+log n [substitute T(n-1)=T(n-2)+log (n-1)]
[SUbStltute T(n-Z)ZT(n-3)+|Og (n'ZI)EJS://WWW.youtube.com/@Monalisacy

htﬁs(mnalisacs.(ﬁ@\
|

T(n-1) n-1
\

T(n-2) n-2

T(i) n-k

e n-k=1 =k=n-1
e nN+n-1+.....+2+1
n(n+1)
2

=n?




ooooooooooooo

General formula for the pattern: T(n-i)+log(n-i+1)+...
The initial condition T(1)=0, n-i=1= i=n-1
T(1)+{log 2+log 3+....log(n-1)+log n}

.log(n-1)+logn

= logl+log 2+log 3+....log(n-1)+log n=log(1*2*3.....*n)=log n!
Log n! O (log nM)=0O(n log n)

log n+log(n-1)+.....log(n-Kk) [n-k=1 =k=n-1]
log n+log (n-1) +.....Iog 1

log(n*(n-1)*....3*2*1)=log n!

Log n!=0 (log n")=0O(n log n)

Ex 4d:

Recurrence relation T(n)=n*T(n-1) for n>1,T(1)=1

Method of backward substitutions.

T(n)=n*T(n-1) [substitute T(n-1)=(n-1)*T(n-2)]
=n*(n-1)*T(n-2) [substitute T(n-2)=(n-2)*T(n-3)]
=n*(n-1)*(n-2)*T(n-3)

General formula for the pattern:n*(n-1)*(n-2)*..
n*n-1*...... 2*1=n! O(n")

(n-k+1)T(n-K) [n-k=1]

https://www.youtube.com/@ Monalisacy
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T(n-1) log(n-1)
\

T(n-2) log(n-2)

T(Il) log(n-k)
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EX 5a:
Algorithm: Do(n)

1+24+22+........ 2k=pk+1_1 T(n)

if (n=1) return 1 °
{elsé ) o 2n-1+l.1=0n.1 T(n-1) T(n-1) 2
{go(n_ll ) * 027 — T T 22
Ca.".(g( )); T(n-2) T(n 2) T-2)  T(n-2)
}} /// N /, \\ \\ N
Recurrence relation ’ . . Yoo \ J/ e
T(n)=2T(n-1)+1 for n>1,T(1)=1 T(1). TAY ---------mmmmmm == T(1) 2K

Method of backward substitutions.

T(n)=2T(n-1)+1 [substitute T(n-1)=2T(n-2)+1]
=2*{2T(n-2)+1}+1= 22*Tgn -2)+2+1 [substitute T(n-2)=2T(n-3)+1]
=22*{2T(n- 3)+1}+2+1 23T(n-3)+22+2+1

General formula for the pattern: 2'T(n-i)+2-1+....22+2+1

2 T(n-i)+2'-1

The initial condition T(1)=1, n-i=1= i=n-1

21T (1)+2m1-1=2"-1 O(2M)

Ex 5b: T(n)=2T(n-1)+n for n>1,T(1)=1

Method of backward substitutions.

Assume n-k=1 =k=n-1 T

https://mona]isacs.cori?\
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& T(N)=2T(n-1)+n [substitute T(n-1)=2T (=25
o =2*{2T(n-2)+(n-1)}+n=22*T(n-2)+2(n-1)+n [substitute T(n-2)=2T(n-3)+(n-2)]
o =22*{2T(n-3)+(n-2)}+ 2(n-1)+n =23T(n-3)+2%(n-2)+ 2(n-1)+n

» General formula for the pattern: () "

o 2T(N-i)+2(n-i+1)+.... 22(n-2)+ 2(n-1)+n T

» The i(ni;iau condition T(l);l, n-i=1=i=n-1  T(n<1) T(n-1) 2(n-1)
o 2MIT(1)+2M2*2+.....2(n-1)+n

o 2”'1*1+2“'2*2+.....2(n§1)+n - 2/\ /\ 22(n-2)
o ONIX(1421%D 422634 41X (p)) (n,:) T(nA-Z) T(n-2) T(n-2)

o = n*2n-l O(nZ”Q W o’ , N AN /A\\

o n+2(n-1)+23(n-2)+....2%(n-k) AN S SN SN 2k (n-k)
e Assume n-k=1 =k=n-1 T(1

o nH2(n-1)+22(n-2)+...2M4(1) T@ T() -------mmmmmmmmmmms 1)

e O(n2")

< Exb6a:

e Algorithm: A(n) » Recurrence relation

o {if(n=2)return1 « T(n)=T(\/n)+1 for n>2,T(2)=1
e else

e return A(r/n)

{ B( ) } https://www.youtube.com/@MonaIisaCy




4 Method of backward substitutions. htsqs(mnansacsfv\

o T(N)=T(/n)+1 2 [substitute T(n'2)=T(n¥/2*)+1] |
o =T(n2 )+1+1 T(nY2%)+2 [substitute T(n2%)= T(n¥2%)+1] Tz 1
o =T(nV2%)+3 K
: o nl2K=2 \
« General formula for the pattern: T(n¥2')+i . 1£2k logn=log 2 =1 T(n¥?) 1
o The initial condition T(2)=1, n¥2'=2 ¢ 2*=logn !
e = 1/2ilog n=log 2=1 * k=log logn !
e 2i=log n = i=log log n * Hieght=loglogn T2) 1
» T(2)+ log log n=1+log log n e “1+1+....1(log logn times)
* O(log log n) ¢ loglogn
< Ex6b: T(nN)=2T(y/n)+1
» Method of backward substitutions.
T(n)=2T(y/n)+1 [substitute T(n2)=2T(nV2%)+1]
= 2%{2T(nY2%)+1}+1=22T (nV2%)+2+1 [substitute T(n2%)= 2T(n¥2%)+1]

= 22{2T(nV2%)+1}+2+1= 23T(n12°)+22+2+1
General formula for the pattern: _2‘T(n1/2i)+2"1+. ..2242+1= 2T (nV2)+2i-1
e The initial condition T(2)=1, n¥/2'=2 Atps: oo youtube.com/@Monalisacs




/( 1/2' IOg n:|0g 2:1 ° T(n1/2k):T(2):> nl/zkzz T(n) https://monalisacs.coI?\
2::Io%2ri1 | o 1/2%log n=log 2=1 T
ogn Ty logna  © 2loar T(n?) T(n'?) ;
) ° 2493 k
Iog n *1+|Og n_l E-I_E-:l'-z +2 + ...... 2 2/\ , /2\ 2 22
:2|0g n-1 o =2r+L] T(n1/2 ) T(nl/Z )T(n1/2 ) T(n1/2 )
O(log n) e 2logn-1 /A\ S
Ex 6¢: T(n)= /n T(yn)+n® Oflogn) { =< AN
Method of backward substitutions. 2" T2 ---------- T2 T 2~

T(n)=+/n T(Vn)+n
= nl2* {n1/22 T(n1/22)+ NY2}+n= n3/4 T(n1/22)+2n
= nl-1/22 T(n1/22)+2n

The initial condition T(2)=1, n¥/2'=2
2'=log n = i=log log n

n/2*T(2)+log log n * n=n/2+n log log n
O(n log log n)

/oooooooooo,:,oooooo

General formula for the pattern: n®%2 T(n¥2")+i*n =n/n¥2' T(nV2")+i*n

[substitute T(n2)= n¥2* T(nY2%)+ n1/2]

https://www.youtube.com/@MonaIisaCy




4 Ex 7a: (Divide-and-Conquer Method) hitps/monalisacs.com™

T(n)

/

1

 Algorithm: Foo(n) o 142422+ ... Yk=2k+1_1

o Uif(=1)reurnl . Agsume n/2k=1 =2k=n — T 2
: Iezlgg(nlz) o 2k+tl.1 =2*2k.1=2n-1 T(n/2) T(n/2)

. Foo(n/2) « O(n) 2/\ /\ 22
. B() 1} T(n£2 ) T(n/2?) T(n/{22) T(n/22)

° a:B:O(l) ,b :B:O(n) /// \\ /// \\ ,/ \\ ,/ N
 Recurrence relation ’ Y ’ R v

o T(N)=T(N/2)+T(n/2)+1 for n>L,T(L)=1 — .\ “frmn . T(1 2K
o T()=2T(n/2)+1 TNHY -- @)

e Method of backward substitutions.

e T(nN)=2T(n/2)+1 [substitute T(n/2)= 2T(n/22)+ 1]

o =2{2T(n/29)+ 1}+1=22T(n/2%)+ 2+1 [substitute T(n/2%)= 2T(n/23)+ 1]

o =23T(n/2%)+ 22+2+1

- General formula for the pattern: 2'T(n/2))+ 21+, ... 22+2+1 = 2T(n/2)+ 2\-1

» The initial condition T(1)=1, n/2'=1 = 2i=n

e nT(1)+n-1=2n-1 O(n)

https://www.youtube.com/@MonaIisaCy




{ Ex 7b: T (n) https://monalisacshcorﬁ/\
e Recurrence relation T

e T(N)=2T(n/2)+n for n>1,T(1)=1 T(n/2) T(n/2) n/2+n/2=n

* Method of backward substitutions.

o T(n)=2T(n/2)+n . /22/\ : {\ : "

. [substitute T(n/2)= 2T(n/22)+ n/2] (V29 (22 T2?) - T(n/2?)

o =2{2T(n/22)+ n/2}+n=22T(n/22)+ 2n " TN N RN

o [substitute T(n/22)= 2T(n/23)+ n/22] S\t T

o =23T(n/2%)+ 3n T) T) ------=-==-=—=- -~ T(1) N

» General formula for the pattern: 2'T(n/2))+i*n

 The initial condition T(1)=1, n/2'=1.= 2!=n =i=log n

e nT(1)+ n*log n=n+nlogn

e O(nlogn)

o Assume n/2k=1 =2k=n =k=log n

» Height =log n

e n+n+n+....n(log n times) =n log n

’K O(n log n) https://www.youtube.com/@MonalisaCS /
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~ The master method for solving recurrences
There are different types of master method according to recurrence form

Master Theorem for Decrease & conquer Recurrence

T(n)=aT(n-b)+f(n) [a>0 ,b>0,T(d)=c Initial condition ,n>d]

Case 1:if a<l, T(n) is O(f(n))

Case 2:if a=1, T(n) is O(n*f(n))

Case 3:if a>1, T(n) is O(a"®*f(n))

Ex 4a: T(n)=T(n-1)+1

a=1,b=1,f(n)=1, Case 2, T(n)=0O(n*f(n))=0(n*1)=0(n)

Ex 4b: T(n)=T(n-1)+n

a=1,b=1,f(n)=n, Case 2, T(n)=0O(n*f(n))=0(n*n)=0(n?)

Ex 4c: T(n)=T(n-1)+log n

a=1,b=1,f(n)=log n, Case 2, T(n)=0O(n*f(n))=0(n*log n)=0O(n log n)
Ex 4d: T(n)=n*T(n-1)

a=n,b=1, Case 3, T(n)=0(a"*f(n))=0(n")

Ex 5a: T(n)=2T(n-1)+1

a=2,b=1,f(n)=1, Case 3, T(n)=0(a"*f(n))=0(2"1*1)=0(2")
Ex 5b: T(n)=2T(n-1)+n

a=2,b=1, f(n)=n, Case 3, T(n)=0(a"*f(n))=0(2"1*n)=0(n2")
Ex 1: T(n)=1/2T(n-1)+log n

a=1/2,b=1, f(n)=logn, Case 1, T(n)=0(f(n))=0(log n) tps o youtube com/@MonalisaCs
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Master Theorem for Divide & conquer Recurrence hitps://monalisacs.cony
T(n)=aT (n/b) +f(n) [a>0,b>1,f(n)isa+ve function]

Case 1:if f(n)=0(n'e92-€), for some € >0 then T(n) is O(n'°%3)

Case 2:if f(n)=O(n'o%2 *|ogkn), for some k

1. If f(n) = O(n'"% %) for some constant € > 0, then T'(n) = O(n'2r4),

k>0 then T(n) is @(n'ogb2a *|ogk+1n) 2 TF f(m) = ©(n ), then T(n) = O(n g ).
k=-1 then T(n) IS @(nmgba *|Og |Og n) 3. If f(n) = Q(n"e:91¢) for some constant € > 0, and if af(n/b) < cf(n) for
k<-1 then T(n) is @(n'OQba) some constant ¢ < I and all sufficiently large n, then T'(n) = O(f(n)). [ |

Case 3:if f(n)=0(n'o%a*€) for some constant € > 0;and if af (n/b)< cf(n) for some constant ¢ <
1 and all sufficiently large n, then T (n)= & (f(n)):
Ex 7a:T(n)=2T(n/2)+1 o Ex-13T(n)=2T(n/2)+nlogn

a=2 ,b=2 ,f(n)=1 e a=2.,b=2 f(n)=nlogn
nlogha = nlog22 =n n!ogha = nlog22 =n

1<n or f(n)=0(n'0%?) case 1 »._nlogn vs n ,f(n)=0(n'°%2 *|ogln) case 2
@(n'o9?) =@(n) ¢ k=1>0 then ®(n'o%2 *|ogk+in) =@(n log?n)
Ex 7b:T(n)=2T(n/2)+n ° nlogn>n """"

a=2 ,b=2 ,f(n)=n or f(n)= Q(n'ogbe+e) case 3

nlogha = nlog22 =n
n=n or f(n)= ©(n'%2 log°n) case 2
@(n'o92 *]ogk+In)=@(n log n)

2f(n/2)=2 *n/2*log (n/2)
=n log(n/2) < nlogn
O (f(n))=0(nlog n)

https://www.youtube.com/@Monalisacy
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Ex 2:T(n)=4T(n/2)+n
a=4 ,b=2 ,f(n)=n

n'ogha = plogz4 =n2

n<n? or f(n)=0(nlo9b2)
@(nlogba) :®(n2)

Ex 3:T(n)=8T(n/2)+n?
a=8 ,b=2 ,f(n)=n?
nlogba — nlogg8 =n3
n2<n3 or f(n)=0(n'o9?)
@(nlogba) :@(nB)

Ex 4:T(n)=T(2n/3)+1
a=1,b=3/2 ,f(n)=1
nlogva = nlogsnl =n0=1

case 1

case 1

1=1 or f(n)= ©(n'°%2 [og°n) case 2

@(n'o92 *]ogk+In)=@( log n)
Ex 5:T(n)=2T(n/2)+n/logn
a=2 ,b=2 ,f(n)=nlog*n
n'ogha = nlog22 =n

nlogln vs n ,f(n)=@(n'o9a *|og-ln)  cas’P’moraisacscomn
k=-1 then ®(n'%2 *|og log n) =@(n log log n)

EX 6:T(n)=T(n/3)+n
a=1 ,b=3 ,f(n)=n

nlogwa = nlogsl =no0 =1
n>n% or f(n)= Q(n'odba+e)
af (n/b)< cf(n)
1f(n/3)=n/3

=n/3.<n

© (f(n))=6(n)
EXV:T(n)=9T(n/3)+n?°
a=9 ,b=3 ,f(n)=n2°
nlogba = nlod39 =n2
nZ5>n2 or f(n)= Q(nlo%ba*€) case 3
af (n/b)< cf(n)

9f(n/3)=9(n/3) 25=9*
® (f(n))=0(n>°)

case 3

n2-5

33/3

https://www.youtube.com/@MonaIisaCy




4 Variation of Master Theorem for Divide & conquer Recurrence
T(n) =T (an) + T((1- a)n) +cn [0<a<1,c>0] then T(n)=O( n log n)

Ex 1.T(n)=T(n/2)+T(n/2)+n =2T(n/2)+n
a=1/2 c=1

®(nlogn)

Ex 2:T(n)=2T(n/2)+5n

a=1/2 ,c=5

®(nlogn)

Ex 3:T(n)=T(n/3)+T(2n/3)+2n
a=1/3 ,c=2

O(nlog n)

Ex 4:T(n)=T(2n/5)+T(3n/5)+n
a=2/5 ,c=1

O(nlog n)

https://monalisacs.corm\
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Space CompIeXIty https://monahsacs.con?\
Space complexity is a function describing the amount of memory (space) an algorithm takes to
execute the algorithm.
Non recursive algorithm :Extra space required to execute algorithm called space complexity .
Ex 1: Algorithm: MaxElement (A[0...n-1])
maxval— A[0]
fori<1ton-1do
if A[i]>maxval
maxval « A[i]
return maxval
Input :A[0...n-1] .
Extra space require to run algorithm is ‘i’ size . its a constant
Space complexity O(1) ,Time complexity O(n).
Ex 2: Algorithm(4/0...n-1])
inti, B[n];
fori <1ton-1do
B[i] < A[i]
return BJi];
Input :A[0...n-1]
Extra space require to run algorithm are ‘i & B[n]’ size . 1+n
Space complexity O(n) ,Time complexity O(n). tps o youtube com/@MonalisaCs
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4 Recursive algorithm :number of stack space required in control stack/run time
stack for push/pop of activation record called space complexity.
Ex 1:Algorithm: F(n)
if (n=0) return 1
else return F(n-1)*n
Stack space required =n.
Space complexity O(n)
T(n)=T(n-1)+1 for n>0,T(0)=0 ,Time complexity O(n).
Ex 2:Algorithm: Do(n)
{if (n=1) return 1
else {Do(n-1)
Do(n-1)
call B();
1}
Stack space required =n.
Space complexity O(n) ,
T(n)=2T(n-1)+1 for n>1,T(1)=1 ,Time complexity O(2").

/
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Let T(n)=Time complexity ,S(n)=Space complexity ,T(n)< = > S(n) depend on algorithr-: comM
An in- place algorithm is an algorithm that does not need an extra space and produces an
output in the same memory that contains the data by transforming the input ‘in-place’.
However, a small constant extra space used for variables is allowed.
But may require a small non-constant extra space for its operation. Usually, this space is O(log
n).
If S(n) <log n in-place algorithm .
Bubble sort, Selection Sort, Insertion Sort, Heapsort are in-place algorithm .
If S(n)>log n, not in-place algorithm .
Merge Sort. merge sort requires O(n) extra space.So it is not in-place algorithm .
GATE CS 2009,Q 35:The running time of analgorithm is represented by the following
recurrence relation: T(n)=n n<3
T(nN)=T(n/3)+cn  otherwise
Which one of the following represents the time complexity of the algorithm?
(A)O(n) (B)®(nlogn) (C)6(n?) (D)©(n?logn)
a=1,b=3,f(n)=cn
n'ogha = nlogsl =n0 =1
cn>1 or f(n)= Q(n'ogate)  case 3  ,af (n/b)< cf(n)
1f(n/3)=n/3 =n/3 <n
® (f(n)):®(n ) https://www.youtube.com/@MonaIisaCy
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