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4 Sectionl1: Engineering Mathematics hitps/imonalisacs.coriM

Discrete Mathematics: Propositional and first order logic. Sets, relations, functions, partial
orders and lattices. Monoids, Groups. Graphs: connectivity, matching, coloring.
Combinatorics: counting, recurrence relations , generating functions.

Linear Algebra: Matrices, determinants, system of linear equations, eigenvalues and
eigenvectors, LU decomposition.

Calculus: Limits, continuity and differentiability. Maxima and minima. Mean value theorem.
Integration.

Probability and Statistics: Random variables. Uniform, normal, exponential, poisson and
binomial distributions. Mean, median, mode and standard deviation. Conditional probability
and Bayes theorem.
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4 Discrete Mathematics: Propositional and first order logic. Sets, relations, functidhis."partiar™
orders and lattices.Monoids, Groups.Graphs: connectivity, matching, coloring.Combinatorics :
counting, recurrence relations , generating functions.

Chapter 1: Logic

Propositional Logic, Propositional Equivalences , Predicates and Quantifiers , Nested
Quantifiers , Rules of Inference , Introduction to Proefs.

Chapter 2 : Set Theory
Sets, relations, functions, partial orders and lattices.Monoids, Groups.

Chapter 3 : Graph Theory
Graphs: connectivity, matching, coloring.

Chapter 4 : Combinatorics

N Counting, Recurrence relations , Generating functions tps:lnww youtube com@Mionalisacs




e Chapter 4 : Combinatorics e oM
4.1 The Basics of Counting
4.2 Permutations and Combinations
4.3 Binomial Coefficients and ldentities
4.4 The Pigeonhole Principle
4.5 Inclusion—Exclusion
4.6 Recurrence Relations
4.7 Generating Functions
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Basic Counting Principles

THE PRODUCT RULE Suppose that a procedure can be broken down into a sequence of
two tasks. If there are n; ways to do the first task and for each of these ways of doing the first
task, there are n, ways to do the second task, then there are n,n, ways to do the procedure.

The product rule applies when a procedure 1s made up of separate tasks

EXAMPLE 1 The chairs of an auditorium are to beTabeled with an uppercase English letter

followed by a positive integer not exceeding 100.-What is the largest number of chairs that can
be labeled differently?

Solution: The procedure of labeling a chairconsists of two tasks, namely, assigning to the seat
one of the 26 uppercase English letters, and then assigning to it one of the 100 possible
integers.

26 - 100 = 2600 different ways that.a chair can be labeled.

An extended version of the product rule: Suppose that a procedure is carried out
by performing the tasks T,,T,,....,T, in sequence. If each task T, i =1,2,...,n, can
be done in n, ways, regardless of how the previous tasks were done, then there
are n,-n, -+ n, ways to carry out the procedure.
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<~ EXAMPLE 2 How many different bit strings of length seven are there? hitps/imonalisacs.com
Solution: Each of the seven bits can be chosen in two ways, because each bit is either 0 or 1.
27 = 128 different bit strings of length seven.

EXAMPLE 3 How many different license plates can be made if each plate contains a
sequence of three uppercase English letters followed by three digits.

Solution: There are 26 choices for each of the three uppercase English letters and ten choices
for each of the three digits.

26-26-26-10-10-10=17,576,000 possible license plates.

EXAMPLE 4 Counting Functions How many-functions are there from a set with m elements
to a set with n elements?

Solution: A function corresponds to.a choice of one of the n elements in the codomain for each
of the m elements in the domain.

n-n----- n = n™ functions from a set with m elements to one with n elements.

For example, 5° = 125 different functions from a set with three elements to a set
with five elements.

EXAMPLE 5 Counting One-to-One Functions How many one-to-one
\_ functions are there from a set with m elements to one with n elements? tps v youtube.com/@ionalisaCs
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Solution: First note that when m > n there are no one-to-one functions from a setrthersysacs-com™
elements to a set with n elements.

Now let m <n.

Suppose the elements in the domain are a;, a,, . . ., @,

There are n ways to choose the value of the function at a,.
Because the function is one-to-one, the value of the function at a, can be picked in n - 1 ways.
In general, the value of the function at a, can be chosen in n - k + 1 ways.

Therearen(n-1)(n-2) - - - (n- m+ 1) one-to<onefunctions from a set with m elements to
one with n elements.

For example, there are 5 - 4 - 3 = 60 oneste-one functions from a set with three elements to a
set with five elements.

THE SUM RULE If a task can be:done either in one of n, ways or in one of n, ways, where
none of the set of n, ways is the same as any of the set of n, ways , then there are
n, + n,ways to do the task.

EXAMPLE 6 A student can choose a computer project from one of three lists.
The three lists contain 23, 15, and 19 possible projects, respectively. No project
Is on more than one list. How many possible projects are there to choose from?
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4 Solution: The student can choose a project by selecting a project from the first list tfe"sscone
list, or the third list.

By the sum rule there are 23 + 15 + 19 = 57 ways to choose a project.
EXAMPLE 7 A pair of dice were tossed number of ways we get total of 7 or 8 is
Solution: 7={(1,6) ,(2,5) ,(3,4) ,(4,3) ,(5,2) ,(6,1)}= 6 ways

8={(2,6) ,(3,5) ,(4,4) ,(5,3) ,(6,2)}=5 ways

Total number of ways=6+5=11

If the dice are not distinguished

7=4(1,6) ,(2,5) ,(3,4)}= 3 ways

8={(2,6) ,(3,5) ,(4,4) }= 3 ways

Total number of ways=3+3=6

EXAMPLE 8 How many int between 10° and 10° have no digits other than 0,2,5,8
Solution: _(2,5,8) (0,2,5,8) (0,2,5,8) (0,2,5,8) (0,2,5,8) (0,2,5,8)
3*4*4*4*4*4=3072
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EXAMPLE 9 What is the value of k after the
following code, where n,, n,, ..., n_are
positive integers, has been executed?

k:=0
fori;:=1ton,

k:=k+1
fori,:=1ton,
k:=k+1

fori,:=1ton,
ki=k+1

Solution: Each time a loop is traversed, 1 is
added to k.

We only traverse one loop at a time, the sum
rule shows that the final value of k, is the

number of ways to traverse one of the m loops is

n1+n2+"'+nm.

EXAMPLE 10 What is the valu&ofrafterom

the following code, where ny, n,, . . ., N, are
positive integers, has been executed?

k:=0
fori,:==1ton,
fori, :=1ton,

fori,:=1ton,
k:=k+1

Solution: Each time the nested loop is
traversed, 1 1s added to k.

By the product rule, it follows that the nested
loop is traversed n,n, - - - n,, times.

Hence, the final value of kis nn, - - - n

m:*
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A EXAMPLE 11 4 distinct dice were tossed ,Number of outcome in which at least'nerdites<m\
show 2=?

Solution: Number of outcomes possible with four dice= 64

Number of outcomes possible in which no dice shows 2 = 54

Required number of outcome = 6%—54=671

EXAMPLE 12 How many four digits integers are there with digits 6 appearing exactly once ?
Solution: Case 1: (6) (0-5,7-9) (0-5,7-9) (0-5,7-9)

Number of 4 digits integers with 6 at first place =9*9*9

Case 2: _(1-5,7-9) (6) (0-5,7-9) (0-5,7-9)

Or _(1-5,7-9) (0-5,7-9) (6) (0-5,7-9)

Or _(2-5,7-9) (0-5,7-9) (0-5,7-9)-- (6)

Number of 4 digits integers with 6 at 2" ,3d 4t place =8*9*9+8*9*9+8*9*9
Total number of four digits integers with 6 appearing exactly once

=9*9*9 + 8*9*9 + 8*9*9 + 8*9*9

=2673
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/-~ 4.2 Permutations and Combinations hipsimonalisacs.comn

A permutation of a set of distinct objects is an ordered arrangement of these objects.
An ordered arrangement of r elements of a set is called an r-permutation.
THEOREM 1 If n is a positive integer and r is an integer with 1 <r <n, then there are
P(n,r)=n(n-1)(n-2)---(n-r+1)r-permutations of a set with n distinct elements.

COROLLARY 1 If nandr are integers with 0 <r<n;thenP (n,r) = .

(n—r)!
EXAMPLE 1 In how many ways can we select-three students from a group of five students to

stand in line for a picture? In how many ways can we arrange all five of these students in a
line for a picture?

Solution: There are five ways to select-the first student to stand at the start of the line.
There are four ways to select the second student in the line.

After the first and second students have been selected, there are three ways to select the third
student in the line.

By the product rule, there are 5 - 4 - 3 = 60 ways to select three students from
a group of five students to stand in line for a picture.

\« Thereare5-4-3-2-1=120 ways to arrange all five students in a lin@ups/wwwyoutube com@monaiisacs /




£ EXAMPLE 2 How many ways are there to select a first-prize winner, a second-piiZ& Wit
and a third-prize winner from 100 different people who have entered a contest?

Solution: P (100, 3) =100 - 99 - 98 = 970,200

EXAMPLE 3 Suppose that there are eight runners in a race. The winner receives a gold
medal, the second place finisher receives a silver medal, and the third-place finisher receives
a bronze medal. How many different ways are there to award these medals, if all possible
outcomes of the race can occur and there are no ties?

Solution: P (8,3) =8 - 7 - 6 = 336 possible ways-to'award the medals.

EXAMPLE 4 Suppose that a saleswoman has-to visit eight different cities. She must begin
her trip in a specified city, but she can visit.the other seven cities in any order she wishes. How
many possible orders can the saleswoman use when visiting these cities?

Solution: The number of possible paths between the cities is the number of permutations of
seven elements, because the first city is determined, but the remaining seven
can be ordered arbitrarily.

7! =7-6-5-4-3-2-1= 5040 ways for the saleswoman to choose her tour.
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EXAMPLE 5 How many permutations of the letters ABCDEFGH contain the string ABEnlisacs.com™\
Solution: Because the letters ABC must occur as a block,

The number of permutations of six objects, namely, the block ABC and D, E, F, G, and H.

There are 6! = 720 permutations of the letters ABCDEFGH in which ABC occurs as a block.

EXAMPLE 6 How many ways 15 different books can be distributed among 10 persons so that no
person can take more than one book and maximum number-of books have to be distributed ?

Solution: P(15,10)=10897286400
EXAMPLE 7 How many ways 6 person can sit in-a row ?
Solution: 61=720

EXAMPLE 8 How many ways 6 persons (A,B,C,D,E,F) can sit in a row so that A & B are not side
by side ?

Solution: Number of way 6 person can sit 6!=720 ways

If a and b are sitting side by side then'a &b consideras 1.

(a,b) ,c,d,e,f cansit =5!=120 ways

a & b can sit in 2 ways =(ab),(ba)

Hence number of ways A & B are not side by side = 720-(120*2)=720-240=480 ways
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A EXAMPLE 9 How many ways 5 boys and 5 girls can sit in a row so that no two 5o 8re™ ™

sitting side by side ?

Solution: Girls can sit in a row 5! Way .

Now there are 6 places for boys , So boys can sit P(6,5) ways .

Total number of ways=5!*P(6,5)=120*720=86400 ways.

Circular Permutations Number of permutation ofin distinct objects around a circle =(n-1)!

EXAMPLE 10 How many ways 5 boys and 5 girls can sit around a circle table so that no two
boys can sit side by side ?

Solution: Girls can sit in 4! Way
Now We have 5 different place among girls for boys to sit ,5!
Total number of ways= 41*51=24*120=2880

Permutations with Repetitions Number of permutations of n distinct objects
taken k at a time with unlimited repetitions =nk

EXAMPLE 11 How many ways 5 letter permutation are possible with letter
{a,b,c,d} Solution: 4°=1024
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4 Suppose we have n objects, of which n; objects are alike ,n, objects are alike ...." ] Ohjeets™
are alike.

Then number of permutation of n objects taken one at a time = -
nqlnyl..ny!

EXAMPLE 12 How many 10 letter permutations are possible with the letter of the set
{a,a,b,b, b c,c,c,c}ifall the letters of this setare used at a time ?

Solution: TIvY =12600
EXAMPLE 13 How many binary sequence of‘length 10 are possible with 6 ones and 4 zeros?
Solution: =210

6!x4!

EXAMPLE 14 A coin is tossed 10 times number of outcome with 5 heads and 5 tails are ?

10! _
51x5] 252

Solution:

& https://www.youtube.com/@l\/lonalisacy




4 A Combinations is an unordered selections of objects . https://monalisacs. comm™

An r-combination of elements of a set is an unordered selection of r elements from the set.
EXAMPLE 15 Let S be the set {1, 2, 3, 4}. Then {1, 3, 4} is a 3-combination from S.

(Note that {4, 1, 3} is the same 3-combination as {1, 3, 4}, because the order in which the
elements of a set are listed does not matter.)

The number of r-combinations of a set with n distinct elements is denoted by C(n, r).

C(n, r) is also denoted by (Z) and is called a binomial:coefficient.

EXAMPLE 16 We see that C(4, 2) = 6, because the 2-combinations of {a, b, c, d} are the six
subsets {a, b}, {a, c}, {a, d}, {b, c}, {b, d},"and{c, d}.

THEOREM 2 The number of r-combinations of a set with n elements, where niis a

nonnegative integer and r is an integerwith 0 <r <n, equals C(n,r)=

r!(n-r)!

Proof: The P (n, r) r-permutations-of the set can be obtained by forming the C(n, r) r
-combinations of the set, and then ordering the elements in each r-combination, which can be
donein P (r, r)ways. P(n,r)=C(n,r) - P(r, )

. . Py /(n=m!_ nl
This Implies that C(n,r)= sz, :) Ryl
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EXAMPLE 17 How many poker hands of five cards can be dealt from a standartdeckeiofosgn
cards? Also, how many ways are there to select 47 cards from a standard deck of 52 cards?

Solution: Because the order in which the five cards are dealt from a deck of 52 cards does not
matter, there are

_ 52! _ 52!
C(52, 5) - 51(52—5)!  51x47!
52%51%50%49%48

C(52,5)=26-17 - 10 - 49 - 12 = 2,598,960.

Consequently, there are 2,598,960 different poker hands of five cards that can be dealt from a
standard deck of 52 cards.

3 52! _ 52!
C(52, 47) = 471(52—47)!  471x5!

C(52,47) =C(52, 5)
COROLLARY 2 Let n and r be nennegative integers with r <n. Then C(n, r) = C(n, n-r)

EXAMPLE 18 How many ways are there to select five players from a 10-member tennis
team to make a trip to a match at another school?

Solution: The number of 5-combinations of a set with 10 elements.

100
C(10,5) = 55705, =252
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/+ DEFINITION 1 A combinatorial proof of an identity is a proof that uses countifity &rgtiitieits)
to prove that both sides of the identity count the same objects but in different ways or a proof
that is based on showing that there is a bijection between the sets of objects counted by the
two sides of the identity. These two types of proofs are called double counting proofs and
bijective proofs, respectively.

EXAMPLE 19 A group of 30 people have been trained as astronauts to go on the first
mission to Mars. How many ways are there to select a.crew of six people to go on this
mission (assuming that all crew members have the same job)?

30! _30%29%28%27x26%25
6!(30—6)!  6x5x4%3x2%1

EXAMPLE 20 Suppose that there are 9.faculty members in the mathematics department and
11 in the computer science department.-How many ways are there to select a committee to
develop a discrete mathematics course at a school if the committee is to consist of three
faculty members from the mathematics department and four from the computer

science department?

Solution: 6-combinations of a set 30 elements, C(30, 6)= = 593,775

9lx11! 9%x8x7%x11%10%9%8
= =27,720
31%6!%41x7!  3x2x1%x4+3x2%1

O’ Solution: C(9,3)* C(11,4) =

https://www.youtube.com/@MonalisaCy
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A EXAMPLE 21 How many ways we can select a committee of 5 person out of 5 & 8AEFS ™

women so that at least 2 women included in the committee ?
Solution: C(5,2)* C(5,3)+C(5,3)* C(5,2)+C(5,4)* C(5,1)+C(5,5)* C(5,0)
=100+100+25+1=226

EXAMPLE 22 How many binary sequence of length 9 are possible with exactly 3 zeros?

Solution: €(9,3) = 3216' = ::2:1 =84

EXAMPLE 23 How many binary sequence ofdength 10 are possible with exactly 4 zeros and
no two zeros are consecutive?

Solution: 111111 ,C(74)=——-=2"2=35

EXAMPLE 24 Suppose n couple arein a party if each person shake hand with every other
person except his/her spouse then how many different hand shake are possible ?

Solution: Number of handshake possible with 2n persons =C(2n,2)
From these n handshake are restricted ,

So total handshake = C(2n,2)-n=

w -n= 2n(n_1)
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Combination with repetition \/(n,k) Number of combination of n distinct object§TAK&r K &t
time with unlimited repetition=C(n+k-1,k)

EXAMPLE 25 How many ways we can distribute 16 similar balls in 4 boxes so that each box
contain at least one ball.

Solution: 4 balls can be place in 1 way .

Remaining 12 balls have no restriction ,it can distribute V(4,12) way
V(4,12)=C(15,12) = — = 221413 455
12!1%3! 3%2x1
EXAMPLE 26 How many +ve solution are possible to the equation X;+X,+X;+X,+X:=20 S0

that (x,= 2), (X, = 3), (X3=4), (X, = 6), (X = 0)

Solution: 2+3+4+6+0=15
20-15=5, V/(5,5)=C(9,5) = —— = =2*7*6 _19g
5!x4]  4%3%2x1
EXAMPLE 27 Number of +ve solution to the inequality X;+X,+X3+X,+X:< 10

Solution: It’s same as X;+X,+X5+X,+Xs +X=10
' _ 15%14%13%12x11

V(6,10) = C(15,10) = —— = =3003

10!%x5! Bx4x3%2%1 https://www.youtube.com/@l\/lonalisacy
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A EXAMPLE 28 Number of +ve solution for X;+X,+X;+X,+Xs < 10
Solution: It’s same as X;+X,+X3+X,+X; < 9

XX+ X3+ X, XX = 9
14! 14%13%12x11%10
V(6,9) = C(14,9) = onsl = e 2002

EXAMPLE 29 Number of +ve solution for X;+X,+Xs+X,+X: > 10
Solution: Infinite solutions

EXAMPLE 30 How many ternary sequence are possible with 6 one’s ,6 two’s and 4 zero’s so
that each one is immediately fallowed by two .

Solution: 12 12 12 12 12 12

We have 7 places for 4 zeros

10! 10%x9x8%7
V(7,4) = C(10,4) = - — = ———=210
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4.3 Binomial Coefficients and Identities
EXAMPLE 1 (x+Yy)*= (X +y)(X+Y)(X+Yy) = (XX + Xy +yX+yy)(X +Y)
= XXX + XXY + XYX + XYY + YXX + yXy + yyx + yyy
= X3+ 3x%y + 3xy? + y3.

THEOREM 1 Iﬁet x and y be variables, and let n be a nonnegative integer.Then
= n—JyJ= (Y on 4+ () -1 n n-1_, (M. n
oyr=), ()= (g)xm + (D v i) o+ ()

EXAMPLE 2 What is the expansion of (x + y)*?

s v, (3= (s en( v o()y

J=0
= x* + 43y + 6x2y2 + dxy’ + yh
EXAMPLE 3 What is the coefficient of x'?y!3 in the expansion of (x + y)>>?
Solution: coefficient 1s (25) =22 R 5,200,300.
13/ 13112

EXAMPLE 4 What is the coefficient of x'?y!3 in the expansion of (2x - 3y)?>?

25 <25

Solution: (2x + (-3y))? = E I )(Zx)ZS_](—3y)].
J=0
25

 _ 25 12 (_2.713 — 122313 12,13
 When; 13,(13)(2x) (—=3y) (13)2 (—3)13 x12y

https://monalisacs.con?\
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4 COROLLARY 1 Let n be a nonnegative integer. Then z (Z): 2"
k=0

Proof: Using the binomial theorem with x =1 and y = 1, we see that
n n

on= (1+1)nzzk=0 () 1 k1K = Zk:o ()

COROLLARY 2 Let n be a positive integer. Then z

LD ()0

Proof: Using the binomial theorem with x = 1 and'y = -1, we see that

o= @Dy, ()1 DR =Y (f) (DX

n

COROLLARY 3 Let n be a nonnegative integer. Then z 2k (Z): 3"
k=0

Proof: Using the binomial theorem with x =1 and y = 2, we see that

3n= (1+2)”:Z::=0 (Z) 1n—k 2k = z

n

o) 2"

https://monalisacs.con?\
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Pascal’s Identity and Triangle
THEOREM 2 PASCAL’S IDENTITY Let n and k be positive integers with n > k. Then

("% G Z ) ()
Pascal’s triangle: Pascal’s identity shows that when two adjacent binomial coefficients in this
triangle are added, the binomial coefficient in the next row between these two coefficients is
produced. (%) !
() (1) Lo
(3) (%) (%) By Pascalgidentity; 2 1
@ MGG O@C s s

@) ()¢ O Cae

() () () () (D) L5 o0 s
(8) () () () () (D) IR N
HOOOOOOG R

) () ) () ) )6 GG I 8 28 s6 0 s 28 § 1
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e 4.4 The Pigeonhole Principle hipsimonalisacs.comm

THEOREM 1 THE PIGEONHOLE PRINCIPLE If k is a positive integer and k + 1 or
more objects are placed into k boxes, then there is at least one box containing two or more of
the objects.

The pigeonhole principle is also called the Dirichlet drawer principle, after the nineteenth
century German mathematician G. Lejeune Dirichlet, who often used this principle in his
work.

pigeonhole principle, which states that if there are more pigeons than pigeonholes,then there
must be at least one pigeonhole with at least.two_pigeons in it .

Of course, this principle applies to other objects besides pigeons and pigeonholes.

A% Y G2 L
AN NS SN
= = N S =
L L T
\E3n, \ oD, 2N
&-s\ RN S Sy =10 =y
o i o . o
(=N \§ G2 2 (%)
s - e NEEN &S NeT NeE
*-\s\.p S"—i\ 2 =23 23 B =220
£ =
\ &, &
LN =N @ -5 = =N
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4 COROLLARY 1 Afunction f from a set with k + 1 or more elements to a set witiPK BETERBATE

IS not one-to-one.

EXAMPLE 1 Among any group of 367 people, there must be at least two with the same
birthday, because there are only 366 possible birthdays.

EXAMPLE 2 In any group of 27 English words, there must be at least two that begin with the
same letter, because there are 26 letters in the English alphabet.

EXAMPLE 3 How many students must be in a class to guarantee that at least two students
receive the same score on the final exam, if the exam is graded on a scale from 0 to 100
points?

Solution: There are 101 possible scores on‘the final. The pigeonhole principle shows that

among any 102 students there must be at least 2 students with the same score.
THEOREM 2 THE GENERAL4ZED PIGEONHOLE PRINCIPLE If N objects are

placed into k boxes, then there is at least one box containing at least [N/k] objects.

EXAMPLE 4 Among 100 people there are at least [100/12] = 9 who were born
in the same month.

K https://www.youtube.com/@Monalisacy




kn+1 https://monalisacs.corm\

=k+1/n

4 For any +ve int k if kn+1 pigeons kept in n pigeonhole then A=

Some pigeonholes contain at least [A]=k+1 pigeons .
Some pigeonholes contain at most |A] pigeons

Suppose we have n pigeonholes the minimum number of pigeon required to ensure that some
pigeonhole consists at least k+1 pigeons=kn+1

EXAMPLE 5 What is the minimum number of students required in a discrete mathematics
class to be sure that at least six will receive the same grade, if there are five possible grades, A,
B, C, D, and F?

Solution: [N/5] = 6=k+1 ,k=5
The smallest such integerisN =5 -6+ 1 = 26.

Thus, 26 is the minimum number of students needed to ensure that at least six students will
receive the same grade.

A standard deck of 52 cards has 13 kinds of cards, with four cards of each of
kind, one in each of the four suits, hearts, diamonds, spades, and clubs.

K https://www.youtube.com/@Monalisacy




EXAMPLE 6 a) How many cards must be selected from a standard deck of 52 c&irdgmeer/scs-com™
guarantee that at least three cards of the same suit are chosen?

b) How many must be selected to guarantee that at least three hearts are selected?

Solution: a) We know that at least three cards of one suit are selected if [N/4] > 3.

The smallest integer N such that [N/4]>3isN=2-4+1=0,

b) In the worst case, we can select all the clubs, diamonds, and spades, 39 cards in all, before
we select a single heart.

The next three cards will be all hearts, so we may need to select 42 cards to get three hearts.
EXAMPLE 7 A box contains 6 red balls , 9 green balls ,12 blue balls ,15 yellow balls,
20 white balls ,what is the minimum number of balls we must choose randomly from
the box to ensure that we get at least 5 balls of same color .

Solution: n =5 color ,k+1=5 balls , k=4

Minimum number of ball require =kn+1 =4*5+1=21

EXAMPLE 8 What is minimum number of ball we must choose randomly from box
to ensure that we get at least 10 balls of same color

Solution: 6+9+9+9+9+1=43 balls

EXAMPLE 9 What is minimum number of ball we must choose randomly

from box to ensure that we get at least 14 balls of same color

Solution: 6+9+12+13+13+1=54 balls

https://www.youtube.com/@MonaIisaCy




4 Euler's totient function counts the positive integers up to a given integer n that are’reldtivety™
prime to n. It is written using the Greek letter phi as ¢(n) or @(n), and may also be
called Euler's phi function.

In other words, it is the number of integers k in the range 1 <k < n for which the greatest
common divisor gcd(n, k) isequal to 1 .

Co Prime of 6 ={1,5} , @(6)=2.
Co Prime of 7 ={1,2,3,4,5,6} , ®(7) = 6.
If n is a prime number, then @(n) = n-1

Flse p(n) =" B forn = PAPLP, o Py

EXAMPLE 10 Number of +ve integers which are co prime to 1107?
Solution: 110=2*5*11

_ 110(2-1)(5-1)(11-1) _ 110%1%4x10_
@(110) B 2x5x11 T 2x5#11 =40
EXAMPLE 11 Number of +ve integers which are co prime to 1807

Solution: 180=22*32*5
@(180) — 180(2—1)(3—1)(5—1) — 180*1*2*4:48

2*x3%5 2%3%5 https://www.youtube.com/@MonaIisaCy

o




< EXAMPLE 12 Number of +ve integers which are co prime to 323? hitps:/imonalisacs.com

Solution: 323=17*19

7(323) = ZUTUID - 958

EXAMPLE 13 Let n=p?*q ,Where p & q are prime number ,Number of intm ,st1l<m<n
and gcd of mand n=1is ?

Solution: @(n) = "*(p;?q(q_l) = p(p-1)(g-1)

Number of Divisor / Factor of n =(a+1)(b+1)(c#L)}d+1).....

If n=p2qgPresd...... Where p ,q ,r,s are prime number and a, b, ¢, d are +ve int .
EXAMPLE 14 Number of divisors of 4200-is ?

Solution: 4200 = 23*31*52*71

Number of divisors=(3+1)(1+1)(2+1)(1+1)=4*2*3*2=48

EXAMPLE 15 Number of divisors of 2024 is ?

Solution: 2024 = 23*111*231

Number of divisors=(3+1)(1+1)(1+1)=4*2*2=16

& https://www.youtube.com/@MonaIisaCy




A Derangement : A Permutation / Arrangement of n different objects in which no dBjéets appean
at it’s correct place is called derangement .
1 1 (—1)"

TS |
D(n)=n!{ -5+ -5 s 1}

D(2)= 21{, }=1
D(3)= 3. - 2. }= 6{; - -}= 6*> =2
9

D(5)= 5!{1' - i' + i' - i'}: 120{1 T L}: 120*(60-20+5-1) _
2! 3! 4! 5l 2 6 24 120 120

EXAMPLE 16 5 different letters L,,L5,,L;,L,,Lc are to be placed in 5 envelopes e, ,e,,e5,6,,6c
one letter per envelope ,How many.ways we can place the letter into envelope so that

B 1 1 14 1 1 1. (12-4+1)
R AR CTRTRT e e a7

44

(I) No letter is correctly placed
Solution: D(5)=44
(1) At least one letter is correctly placed

e Solution: Number of way 5 letter put into 5 envelope =5!=120 Atps: oo youtube.com/@Monalisacs




4 No letters in correct envelope =D(5)=44 ,So required number of way=120-44=76"s/menalsacs.comn
(111) Exactly two letters are correctly placed

Solution: 2 letters from 5= °>C, =10 ,Remaining 3 letters can place in D(3)=2 way.
So required number of way=10*2=20 way

(IV) At most one letter is correctly placed

Solution: 0 or 1 letter

D(5)+C(5,1)*D(4)

44+5*9=44+45=89

(V) At least one letter is wrongly placed

Solution: There is only 1 way we can-put all 5 letter correctly

Rest all at least one will be wrongly-placed

51-1=120-1=119

(V1) Exactly one letter is wrongly placed

Solution: It is not possible to keep only one letter in wrong envelope
\ https://www.youtube.com/@MonalisaCy
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4.5 Inclusion—Exclusion hitps://monalisacs.com
The Principle of Inclusion-Exclusion

The number of elements in the union of the two sets A and B 1s the sum of the numbers of
elements in the sets minus the number of elements in their intersection. That is,

|AUB|=|A|+|B|-|AnB].

EXAMPLE 1 In a discrete mathematics class every.student is a major in computer science or
mathematics, or both. The number of students having computer science as a major is 25; the
number of students having mathematics as a majot.is 13; and the number of students majoring
in both computer science and mathematics 1s'8: How many students are in this class?

Solution: Let A = set of students in the class'majoring in computer science

B = set of students in the class majoring in AU BI=AI+BI-A N BI=25+13-8=30

mathematics.
|JAUB| =|A|+|B|-|AnB|=25+13-8=30.

Therefore, there are 30 students in the class.

|A|=25 |A N B|=8 httb@:'ﬁwlm?i/v.youtube.com/@Monalisacy
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EXAMPLE 2 How many positive integers not exceeding 1000 are divisible by 7'6t"TT7**™

Solution: Let A be the set of positive integers not exceeding 1000 that are divisible by 7, and
let B be the set of positive integers not exceeding 1000 that are divisible by 11.

AU B|=|A]+|B|-|ANB|

1000 1000 1000

l 7 |+l 11 |_ l7*11|

=142+90-12 =220

220 positive integers not exceeding 1000 that are-divisible by either 7 or 11.

A U Bl = |Al+IBI-IA N Bl =142+ 90-12 =220

Al =142 IANBI=12 |Bl =90

https://www.youtube.com/@Monalisacy




A EXAMPLE 3 Suppose that there are 1807 freshmen at your school. Of these, 453%f&°takinga\
course in computer science, 567 are taking a course in mathematics, and 299 are taking
courses in both computer science and mathematics. How many are not taking a course either
in computer science or in mathematics?

Solution: Let A be the set of all freshmen taking a course in computer science, and let B be the
set of all freshmen taking a course in mathematics.

|A| = 453, |B| =567, and |A N B| = 299.
The number of freshmen taking a course in either.computer science or mathematics is
JAUB|=|Al+|B|-|ANB|=453 +567 - 299 =721.

There are 1807 - 721 = 1086 freshmen who are not taking a course in computer science or
mathematics.

Finding a Formula for the Number of
Elements in the Union of Three Sets

IAUBUC|=|A+B|+|C| - |A N B]-
ANC|-BNCH+ANBNC|

https://www.youtube.com/@MonalisaCy




A EXAMPLE 4 A total of 1232 students have taken a course in Spanish, 879 have t4R&#"3 >
course in French, and 114 have taken a course in Russian. Further, 103 have taken courses in
both Spanish and French, 23 have taken courses in both Spanish and Russian, and 14 have
taken courses in both French and Russian. If 2092 students have taken at least one of Spanish,
French, and Russian, how many students have taken a course in all three languages?

Solution: Let S be the set of students who have taken a.eourse in Spanish,

[snFNRl=2 |snF|=103

F the set of students who have taken a course in French,

and R the set of students who have taken a course.in Russian.

Then |S| = 1232, |F| =879, [R] = 114,
|ISN F| =103, [SNR| =23, |FNR| =14, and |SU FU R| =2092. e ST e
ISUFUR|=|S|+|F| +|R|-|SNF|L<|SNR|-|FNR|+|SnFnR|"™" il

|R[=114
|SUFUR|=2092

2092 =1232+879+114-103-23-14+|Sn FNR|.
|ISNFNR|=7.

There are seven students who have taken courses in all.

K https://www.youtube,com/@Monalisacy
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( THEOREM 1 THE PRINCIPLE OF INCLUSION-EXCLUSION Let Ay, Ay, ..., A, be finite sets.
Then

AlUAZU-—-UA, = Y A= > |AiNA|

1<i<n l<i<j<n

+ |Ai N AN Ag| — -+ (=D"T A1 N AN ---N A,
J

I<i<j<k=<n

K https://www.youtube.com/@ MonalisaCy




4.6 Recurrence Relations hitps:/imenalisacs.comn

EXAMPLE 1 Rabbits and the Fibonacci Numbers Consider this problem, which was
originally posed by Leonardo Pisano, also known as Fibonacci, in the thirteenth century in his
book Liber abaci. A young pair of rabbits (one of each sex) is placed on an island.

A pair of rabbits does not breed until they are 2 months old.

After they are 2 months old, . tve ment io 43 an e monts o Mot | puirs | pars | pais

each pair of rabbits produces

another pair each month, : *a 1 ’ i .

as shown 1in Figure. aae 2 0 bt

Find a recurrence relation @b g P20y 3 ! L2

for the numbelj of pairs of e PrYpTYN ) 1 .

rabbits on the island after

n months, assuming that o '&-‘_Q « *a o oe ’ ’ e

no rabbits ever die. LAY 2 T A ah e ee ‘ 3 T
08N

https://www.youtube,com/@Monalisacy




" Solution: Denote by f, the number of pairs of rabbits after n months. We will shoW tHafF2HE
1,2, 3, ..., are the terms of the Fibonacci sequence.
fi=Lf=1
The sequence {f,} satisfies the recurrence relation f, = f, |, + f,,
The number of pairs of rabbits on the island after n months is given by the nth Fibonacci

number.

EXAMPLE 2 The Tower of Hanoi A popular puzzle of the late nineteenth century invented
by the French mathematician Edouard Lucas, called the Tower of Hanoi, consists of three pegs
mounted on a board together with disks of different sizes. = u
Initially these disks are placed on the first peg in order of size,
with the largest on the bottom .

The rules of the puzzle allow disks to be moved one at a time
from one peg to another as long as a disk is never placed on
top of a smaller disk.

The goal of the puzzle is to have all the disks on the 3™ peg in

N order of size, with the largest on the bottom. s youtube com/@VonalisaCs




/2 Solution: Begin with n disks on peg 1. We can transfer the top n - 1 disks, followifig th& Fiied"

of the puzzle, to 2" peg using H,, ; moves.

We keep the largest disk fixed during these moves.

Then, we use one move to transfer the largest disk to the 3™ peg.

We can transfer the n - 1 disks on peg 2 to peg 3 using/H,.; additional moves, placing them on
top of the largest disk, which always stays fixed onthe bottom of peg 3.

This shows that H, = 2H,; + 1.

H,=2H ,+1

=2(2H,,+1)+1=2°H ,+2+1

=22Q2H,;+1)+2+1=2%H ,+22+2+1

=2MH, + 2024203+ ... +2+1
:Zn-l+2n-2+___+2+1
=2"-1.

https://www.youtube.com/@MonalisaCy




4 EXAMPLE 3 Find a recurrence relation and give initial conditions for the numbgF gt <™
strings of length n that do not have two consecutive 0s. How many such bit strings are there of
length five?

Solution: a, = 2, because both bit strings of length one, 0 and 1 do not have consecutive 0s,
a, = 3, because the valid bit strings of length two are 01; 10, and 11.

a,=a,;+a,, forn>3.

az=a,+a, =3+2=5,

a,=az+a,=5+3=3§,

as=a,+a;=8+5=13.

EXAMPLE 4 {a ,atd ,at+2d ,a+3d ,.....} The recurrence relationisa a,=a, ; + d(n= 1)
EXAMPLE 5 {a ,ar,ar? ,ar,.....} The recurrence relationisaa, =a,,r (n= 1)
DEFINITION 1 A linear homogeneous recurrence relation of degree k with constant
coefficients is a recurrence relation of the form a, = c1a,.1 + 20,2 + - - - + CkOnk,

where ¢y, ¢y, . . ., ¢ are real numbers, and ¢, # 0.

K https://www.youtube,com/@Monalisacy




4 The recurrence relation in the definition is linear because the right-hand side is a"§ff° g™\
previous terms of the sequence each multiplied by a function of n.

The recurrence relation is homogeneous because no terms occur that are not multiples of the
a;s.

The coefficients of the terms of the sequence are all constants, rather than functions that
depend on n.

The degree is k because a, is expressed in terms of the previous k terms of the sequence.
a,=Cp,a,=Cy, ..., 4, =C,.

EXAMPLE 6 The recurrence relation P, = (1:11)P, , is a linear homogeneous recurrence
relation of degree one.

The recurrence relation f, = f.; + f__, is-a linear homogeneous recurrence relation of degree
two.

The recurrence relation a,, = a,, - IS a linear homogeneous recurrence relation of degree five.
EXAMPLE 7 The recurrence relation a,= a,; + a,.,2is not linear.

The recurrence relation H, =2H_ , + 1 is not homogeneous.

The recurrence relation B, = nB,,_; does not have constant coefficients.

& https://www.youtube.com/@MonalisaCy




4 Solving Linear Homogeneous Recurrence Relations with Constant CoefFF¢TerEg= ™

The basic approach for solving linear homogeneous recurrence relations is to look for
solutions of the form a, = r", where r is a constant.

a, = r"is a solution of the recurrence relation a,=c,a, , + c,a,, +- - -+ ¢a, . if and only if
rM=crm + o2+ + k.

When both sides of this equation are divided by r"k and the right-hand side is subtracted from
the left, we obtain the equation

rk-cr<t-cyr¥2 - -¢,r-c.=0.

The sequence {a,} with a, = r" is a solution if and only if r is a solution of this last equation.
We call this the characteristic equation of the recurrence relation.

The solutions of this equation are called the characteristic roots of the recurrence relation.

THEOREM 1 Let ¢, and c, be real numbers. Suppose that r* - ¢,r - ¢, = 0 has two distinct
roots r, and r,. Then the sequence {a,} is a solution of the recurrence relation
a,=¢0a,,+ca,,1fandonlyifa,=a,r," +a,r,"forn=0,1,2, ...,

\ Where al and a2 arc Constants. https://www.youtube.com/@Monalisacy




£ EXAMPLE 8 What is the solution of the recurrence relation hipsimonalisacs.comn
a,=a,,+2a,,witha,=2anda, =77
Solution: The characteristic equation of the recurrence relation isr-r-2 =0.
r>-2r+r-2=0
r(r-2)+1(r-2)=0
(r-2)(r+1)=0
Its rootsarer=2and r = -1.
The solution to the recurrence relation is of the form, a, = ;2" + a,(-1)".
From the initial conditions, it follows that
ay=2=0ay+ a,,
a=7=0,2+a,-(-1).
Solving these two equations shows that «; = 3 and a, = -1.
Hence, the solution to the recurrence relationa, =3 - 2" - (-1)".

& https://www.youtube.com/@MonaIisaCy
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A EXAMPLE 9 Find an explicit formula for the Fibonacci numbers.
Solution: f, = f, |+ f,, , Initial conditions f, =0 and f, = 1.

The roots of the characteristic equation r> - r - 1 = 0 are

p= BEVETAAO) ) B=1.C=-1

24
1+ (144)  1+V/5
2 2
=(l +V5)/2 and r, = (1 -V5)/2.
The solution to the recurrence relation is of the form, f, = a1(1+\/—) (1_2\/3 )n
From the initial conditions, it follows that
fO =0= a, +a,
1+\/_
fi=1=0ay ) (_)
Solving these equations, we found a, =1/ V5, a,=-1/ V5
N The formula for Fibonacci numbers are f, = \/1—(1+2\/_) : (1 \/_) S—




4 THEOREM 2 Let ¢, and ¢, be real numbers with ¢, #0. Suppose that r2 - ¢, r - ci="0°F&EOAT)

one root r,. A sequence {a,} is a solution of the recurrence relation a, = c,a, ; + c,a, if and
only if a, = a,r," + a,nry", forn =0, 1, 2, .. ., where a, and o, are constants.

EXAMPLE 10 What is the solution of the recurrence relation

a, = 6a,, - 9a., with initial conditions a, =1 and a, =.67?
Solution: The only root of r2-6r+9=01isr =3.

Hence, the solution to this recurrence relation is a; = a,3" + a,n3"
Using the initial conditions, it follows that

ay=1=0y,

a=6=0,-3+a, 3

Solving these two equations showsthat o, = 1 and a, = 1.
Consequently, the solution to this recurrence relation is
a,=3"+n3"

https://www.youtube.com/@Monalisacy




47 Generating Functions https://monalisacs.corm\

DEFINITION 1 The generating function for the sequence a,, a,, . . . , &, . . . of real numbers
is the infinite series G(x) = a, + ayx+- - -+ gk + - =3 " apxk

EXAMPLE 1 The generating functions for the sequences {a,} witha, =3, a,=k+ 1,and a, =
2kare ). IO::O 3xk, Z:;O(k + Dx*, and ) 1?:0 2kxk respectively.

We can define generating functions for finite sequences of real numbers by extending a finite
sequence gy, dy, - - ., 0, Into an infinite sequence by setting a,,, =0, a,,, =0, and so on.
G(x)=a,+ax+---+ax"

EXAMPLE 2 What is the generating funetion for the sequence 1,1, 1, 1, 1, 1?

Solution: The generating function of 1, 1, 1, 1, 1, 1 1s

1+ x+x2+x+ x4+ X5

By summation rule Z?:o ar) = {arr_l_a if r=1,(n+1)a ifr=1}

a=1,r=x

(X-1)/(x-1)=1+x+x*+x3+x* +x°

https://www.youtube.com/@Monalisacy




4 EXAMPLE 3 Let m be a positive integer. Let a, = C(m, k), fork =0, 1, 2, . . ., n{™\/Fat 76 tHE
generating function for the sequence a,, a,, . . ., a,,?
Solution: The generating function G(x) = C(m, 0) + C(m, 1)x + C(m, 2)x2 + - - - + C(m, m)x™,
The binomial theorem shows that G(x) = (1 + x)™.

(1-x)™=C(m, 0) - C(m, 1)x + C(m, 2)x2 + - - - + (-1)"C(m, m)x™.

L ) ) 1-— n n_1
Sum of finite geometric sequence is , a+ar?+ar3+...Lar = a(l_: or a(:_l > when r1

Sum of infinite geometric sequence is , at+ar>ar+"....= 1;: when r<1

EXAMPLE 4 The function f (x) = 1/(1 - x) is'the generating function of the sequence 1, 1, 1,
, because 1/(1 - xX) =1 + x + x2+.-.-. for |x| < 1

EXAMPLE 5 The function f (x) = 1/(1 - ax) is the generating function of the sequence 1, a,
a®, a, ... because 1/(1 - ax) = 1 + ax + a®x* + ..... when |ax| < 1, or for |x| < 1/|a| for a %0

THEOREM 1Letf(x)= Y.~ apx*and g(x) = Y., byx*. Then

o F0)+ o0 = > (ak + bk)x* and f (x)«g(x) = 7 (z] UL

WWW. youtube com/@MonallsaC/
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4 DEFINITION 2 Let u be a real number and k a nonnegative integer. Then the ext&nijgg"™

binomial coefficient (Z) Is defined by

(u): {(u)(u—l) ...... (u—k+1) ifk>0 1 if k=0.

k k!
. . . . -2 1/2
EXAMPLE 6 Find the values of the extended binomial coefficients ( 3 ) and 3 )
L _ —2\ _ (=2)(=3)(-4) _
Solution: u=-2 andk—3,( 3 )— 5 =4,
u=1/2andk=3, (142) = /D0/2-1)0/2RQ

- WRACUDEYD gy

EXAMPLE 7 When the top parameter is a negative integer, the extended binomial coefficient
can be expressed in terms of an ordinary binomial coefficient.

(—Tn) _ (_n)(_n_l);!'"'(_"—T+1)

-1)" +1)...... +r—1 :
= LV i) (ntr 1) taking -1 common
K r! https://www.youtube.com/@Monalisacy

by definition of extended binomial coefficient




(_CD D @r-2) (D)

https://monalisacs.con?\

by commutative law

r!
_(-1)"(n+r-1)!
- ri(n—-1)!
—n n+r—1
( A ) = (-yC+r-1,0) or -1y ( ’ )
THEOREM 2 THE EXTENDED BINOMIAL THEOREM Let x be a real number with

IX| <1 and let u be a real number. Then (1+x)¥= z (U) x¥
k=0

multiplying both numerator and denominator by (n-1)!

k

EXAMPLE 8 Find the generating functions for(1 + x)™and (1 - x)™, where n is a positive
integer, using the extended binomial theorem.

Solution: By the extended binomial theorem, it follows that

(1+x)1 = Zoo (_k”) xk = 37 (SDECntk—1k)xK
k=0

Replacing x by —x ,we find

(1-x)"= z; (_k") (—0)k =Y Cn+tk—1k)x"

https://www.youtube,com/@Monalisacy




TABLE 1 Useful Generating Functions.

G(x) ag
(I+x)" = C(n, k)
=0
=1+Cn, Dx+Cn,2)x” + - +x"
n
(1+ax)" =Y Cn, k)a*x* C(n, k)a*
k=0
=14 C(n, Dax + C(n, 2)a*x2 + --- + a"x"
n
(14+x")" = C(n, k)x”" C(nyk/r) if r | k; O otherwise
=0
=1+Cn, Dx"+Cn, 2)x* +---
1—In+l n
T —x =Z:xk=l+x+x2+---+x“ 1 if k < n; 0 otherwise
- k=0
1 o0
1 =Z:xk=l+x+x2+--- 1
- (=0
1 o0
1 =Z:akxk=l+ax+a2x2+--- ak
—ax

-

=

https://monalisacs.corm\
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=
=)
I
]2
o

>
I
=

rk=1+xr

+ x4

1 if r | k; O otherwise

= -

ttps://monalisacs.corm\

o0
(l—lx)2 =Z(k+l)xk=l+2x+3x2+--- k+1
k=0
l o0
1 —x) =kz‘;c(’1+k-lsk)xk Cn+k—1,K)=Cn+k—1,n—-1)
=1+Cn, Dx+Cm+1,2)x> +--
l o0
d+ 2 =§C(”+k-lsk)(—l)kx" (—Cln+k = 1,k) = (=D*Cn+k—1,n=1)

—Cn, Dx+Cn+1,2)x% - ..

—_
—
I
o it
-
—
=
Il
(]2

0

—_—
1

Cin+k-—

1, k)a*x*

+C(n, Dax +Cn + 1,2)a*x* +

Cn+k—-1Lkak=Cm+k—1,n-1da*

OOI 12 I3
-‘=§:——1 — = 1/k!
e 2 tx+ gt /
o0
(1)k+1 x2 x3 I4 ‘
In(1 = - R -1 +1k
n(l +x) §= -t 377 (=D"/
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EXAMPLE 9 Solve the recurrence relation a,=3a, , for k = 1,2,3,... and initial coffditisi'ag =22\

Solution: Let G(x) be the generating function for the sequence {a,}, G(x) = ). Zoz 0 apx’”

xG(x)= ) :):O axtl =% :):1 ap_1xk

Using the recurrence relation ,we see that

G(X) - 3xG(X) = Z:):o apxk -3 21:1 Ap_1x"

=agt ). (ak — 3aj_;)x* =2

G(X) - 3XxG(X) =(1-3x)G(x)=2

EXAMPLE 10 Co-efficient of x?° in the sequence (x3>+x*+.....)° is

Solution: (x3+x*+.....)°> = xPB+x20+ x> .,

= XB(1+H+ x10 ) = xB(14+x+ x2 . .00)2= XPB{1/(1-X) }° = x13(1-x)

(1-x)"= > " C(n+k —1,k)x*21+C(n,1)x + C(N+1,2)X%+......
5 o0 k

XB(A-X)y5=x3(, _ €5 +k—1,k)x¥)

=x5(Y " C(4+k k)xk)

https://www.youtube.com/@MonalisaCy
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=xB(Y " C(4+k k)x)

For k=5, x5*C(9,5)x>

=126*x?0: Co-efficient of x?° =126

EXAMPLE 11 Find the number of solutions of e, +e, +e; =17,
where e, e,, and e; are nonnegative integers with 2 <e;<5,3<e,<6,and4 <e; <7.
Solution: The number of solutions with the indicated constraints is the coefficient of x!'7 in the
expansion of

(X2 + X3+ X+ X5) (3 + x* + X7 + X0)(x* + x5 + x5O+ X7).

This follows because we obtain a term-equal to x!7 in the product by picking a term in the first
sum x¢1, a term in the second sum x¢2,-and a term in the third sum x¢3,

Where the exponents e,, e,, and e; satisfy the equation e, + e, + e; = 17.
X4 H*x6 FyT =T 5 Hy6 #y6 —y1T (S5 #yS 3T —y17

The coefficient of x!7 in this product is 3.

Hence, there are three solutions. |
https://www.youtube.com/@MonallsaCy
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